PH444 (Electromagnetic Theory 1) Lectures on
MONDAY  SLOT 2A (09:30-10:25)
TUESDAY SLOT 2B (10:35-11:30)
THURSDAY SLOT 2C (11:35-12:30)

Instructor : Kantimay Das Gupta : kdasgupta@phy

Reference texts:

D J Griffiths

Feynman Lectures: vol 2
Panofsky and Philips
Reitz, Milford and Christy
J D Jackson

A Zangwill

EVALUATION (typical) Quiz1=15 : Midsem=30 : Quiz2=15 : Endsem=40
1 Formula sheet + calculator allowed in all exams....no need to ask!


mailto:kdasgupta@phy

Course plan (~ 30 lectures + 10 tutorials)

Bit of revision of co-ordinate systems

Electrostatics: Poisson Formula (2D), complex numbers &
conformal mapping problems, how to go off-axis...

3D solutions in cylindrical systems (Bessel functions etc)

Green's theorem, solution for certain geometries

Multipoles. Dielectrics & Magnetic materials: Microscopic
mechanisms, expressions for energy, defintions of E,D,B,H (what
are the ambiguities?)

Energy, momentum & forces in EM, Stress Tensor and its uses.

Potential/fields of moving point charges (Leinard-Wiechart)
Radiation from accelerating charges, dipoles etc.

Antennas, transmission lines and waveguides.

Brehmsstralung, Synchrotron, Cerenkov radiation, free electron
laser



A little bit of "desert 1sland physics" : Why ?

In other words....."what if google is down* ?
Working out from "first principles” makes things clearer!




Revision of grad, div, curl

How to derive the expressions in
orthogonal curvilinear co-ordinates?



Curvilinear co-ordinates : quick revision

Writing the basic information about orthogonal co-ordinates....

d7 = € h,du, +€,h,du,+ €,h,du,

ds® = 9
dV = ?

A shorthand compact way of writing co-ordinates

d7 = Y &hdu,

Summation convention :
REPEATED INDEX IMPLIES SUMMATION

d7 = €hdu

Exercise : See the list of co-ordinate systems given in Spiegel's vector analysis
book....work out all the scale factors etc.




Curvilinear co-ordinates : Gradient

Given a scalar function f (“1 U, u3) we want a vector such that
Sf = X.5F

of of of
= 9L su +SL su,+9L s
ou, " ou, 2 au, 0

= A1 Gf A1 8f ~ 1 ﬁf
X —_
v/ lh 8u1 2h 8u2 3h Ous

For a given |0 7| maximum change 0 f will happen
If the step is taken along the direction of V f



Divergence ....how to write 1t?

Consider a vector ¥ : can you construct a function X (F ( ) such that
X(F)dv = F.dS

Flux through BACK
P fs = —F h,0u,hdus

' T R Flux through FRONT

7 i = F,h,0u,h,0u,
o ey : 3
-‘Hr : g (F h 6%2}136%3)6%1
4 1

fatfr = !86 (F h,h )]6u16u26u3
1

(11 BE VERY CLEAR ABOUT THE SIGN OF EACH QUANTITY I! )




Divergence ...

The LEFT + RIGHT pair gives

fo+fe=|%—(F,h h)]6u16u26u3
2

The BOTTOM + TOP pair gives

fBottom+fTop = lgu (F h h )]6%161/!26143
3

ou, ou, ou,
F.8S 1 710
oV h1h2h3!

Froms = [a (F hyhy)+ C—(F h )+ C—(F b h )]6u16u26u3

<F1h2h3> + a_(th3h1) + a_(Fshlhz)]

ou, ou, ou,
Now break a finite volume into small volume elements

Flux from neighbouring walls of two infinitesimal volume elements will cancel

Only faces which form the part of the boundary of the volume will not cancel



Divergence ....

This function 1s called DIVERGENCE, denoted by v F
bV .Fav = §$F.d5
Called Gauss ' stheorem

"divergence" should

Divergence of a vector is a scalar quantity fﬁ;‘\’g;; ;’icfglglf’.i‘:t”re of
What is it?
In Cartesian: ow should -
ow should a vector fie
v F = OF, + aFy + or, look around points of
' 0 x 0y 0z stable/unstable
In Spherical polar: equilibrium 7
vV o= L [0 (24 0 (g 0_
V.F = aoolor (#"sin OF ) + 50 (rsin® Fy) + 50 (rFq))]
In cylindrical polar
?ﬁ—la—(F)Jra—(F)Jra—(F) . .
' - Plop DL op "¢ 0z PL, Divergence and continuity
equation....



Curl

Consider two arbitray infinitesimal displacements

= €, h0u, + € h,0u, + éh,du;

= € h,du’ + &h,0ul +€,n,0u

The vector fieldis F' : Is it possible to have a function X (13 )such that

X(F).os = > F.81
meter

(Connect some characteristics of inside points with the boundary.)




€, €, €
h,du, h,0u, hy0u;
hodub  h,0ut, h,dul

N
i
|
@4
NQ¢
X
@4
\m¢
|

X(F).dS = X, hh[0uSdu}—duldu]
— X, h by [duSdul—duldu’]
+ X, 0 h,[dudub—duldu’]

Try writing RHS 1n this form and compare.
The co-efficients of the arbitrary displacments must agree

(11 BE VERY CLEAR ABOUT THE SIGN OF EACH QUANTITY I! )




Curl

Consider the pair of paths(1 —2)and (3 —4)
F.81,.,, = Fhdu+F,h,0u,+F hdu;

F.ol, , = [Fl.hl.Jr(VFihi).érB](-éu?) (i=1,2,3)

Write contributions from . 7| .3 & F.d 7| ., Similarly.

—_ -

A — [T F.sed

o F. h.
L8l |, Su
h au i k k
k k i Work out the
] 1 intermediate
1 0O Fihi Su® i 6246 steps as an
hk auk i k k exercise
- OF . h
> 18U du
U,




Curl

Now compare the co-efficient of  duSdul—dus dul
Weneedtoput i=3,k=2 andthen i=2,k=3

this of X hh 0 F,h, 8F2h2
is gives
2B P u, O u,
h € hé, h,€ -
1€4 2 €, 3€;3 (VxF
.1 |l e o |_ i
So X(F) = | Ou du Ou = ‘curl F
17t 1y 1 2 3 -
thl thz hst kFOtF

We have ﬂ VXF. dS‘:gS F.dl (called Stoke's theorem)

Now break a finite surface into small area elements

Line integral from neighbouring perimeters of two

infinitesimal area elements will cancel

Only line segments which form the part of the perimeter will not cancel



Who needs electrostatics anyway ?

SEM, electron optics, mass-spectrometer
How well can you "see" the nano-world?
How well can measure & identify masses/ion-fragments?

Magnetic field also satisfies the laplacian... etc
Del?2 phi =0 appears in many places
Current flow in a conductor : why is it a similar problem?

Boundary value problems are everywhere.....

Note: there is no such thing as 2D electrostatics. 2D
electrostatics means that the third co-ordinate can be droppped
due to aspect ratio etc.



The Laplace equation

The mean value theorem

Poisson formula (for 2D boundary value problem)
Conformal mapping

Significance of the cylindrical co-ordinate

Off-axis expansion (electrostatic lensing)

Bessel functions



The mean value theorem

A scalar function V (7) satisfies V'V = 0
Consider a SPHERE of radius R :integrate V>V over the volume

f v (? V)dr — f @ V 4§ Write the gradient in spherical polar
vol surface
1oV 1 oV

oV >
= ——+€g— apt dS
““ "or eer 00 E ®rsinf oo J

oV Only the radial component survives
or R sin0d 0d ¢ because dS points radially outwards

0 = R2g— [ v(r.,0,¢)sin6d0d¢
r

surface

The average value (V (0,¢)), over a sphere is independent of 7.
In the limit » — 0, we must have(V )=V (0)
So average value over a spherical surface = value at the center

(In 2D one can do BETTER than this...we will see soon. )




An obvious consequence

There are no maxima or minima of ¥ in a region where V> V=0
But there can be saddle points

7 Think of the gradient
near maxima/minima

No stable equilibrium possible in purely electrostatic field (Earnshaw)
All extremal values must occur at the boundary

V' =const on ALL points on ALL boundaries =V 1s constant everywhere

UNIQUENESS: There is only one possible solution of V*V :—FE)—O

consistent with a given boundary condition




The 2D polar solution — Poisson formula

2 :
+128 12/:() Try: V=R(r)e™
r 09 Why not ¢&""?

This gives:

2
4 f —I—rd—R—m2R=O
dr dr

trial solution R=Ar" gives: n==*m,so
B
V(r,@) = Z

m m
Aml” +7
m

r
Specialcase m = 0 : R=A4,+B,Inr

r

+im0O

e

m Bm
Amr -|—7

m#=0 2

+imoO
e j

[Full soln V(r,@)z(AO—I—BOlnr) + Z




The Poisson formula

The potential is (0) on the unit circle.
Find the potential everywhere inside.

Vir,0) = ZAer'eim@

A = ff e " d

%4 _ Z ff —zmoc |m| zm@da
0

Interchange integration and summation
Add up the geometric series first....



The Poisson formula

m=0

Vi(r,0) = fdocf (Z prlemet 4

2 —2rcos(0—a)

- lfdocf (
- 1fdocf (

1— 2rcos 6 o

r|m|eim(a—6)
m=0
1
. -1
1 _ rez(oc—@) )
—1
)—I—r

E(F’G) ) fdaf (1—2rccl>s£er—oc

=)

A similar relation can be derived for »>1



Using complex numbers

uU+iv
G_u
O X
ou
0y

f(x+iy)
ov.

0y
ov

O0Xx

\

J

Viu(x,y) = 0
= Vi) -

(Vu).(Vv) = 0

|
-

[Lines of u=const. and v=const are normal to each other

& . . . )
Make guesses, visualize some function. If the boundary
conditions match, uniqueness gurantees you have the solution.

It is useful to remember the "equipotential contours" of some
functions...straight lines, circles, ellipses, hyperbola etc

J




The potential given on a "wedge"

2% T
F(z) = —Inz -

y(x,0) = 0 §k®
_ 2V, o § ”

V(an) 7T 9) § =
\

) = 2 2] L0,

N

The solution satisfies Laplace's egn & boundary conditions. So it
must be the unique solution.

Modify the solution for an arbitrary angle between the two sides .

Question : How does the electric field "lines of force" look ?



Elliptical and hyperbolic equipotentials

B . 1
W = u+iv = cosh z

X = coshu cosv
y = sinhu sinv .
. —1
if u= const = cosh "o —

2 2 y |
X | y 4 S

2 2
oL o —1
These are CONFOCAL. S

. —1
if v= const = cos f3

2 2 1.0 4
X

Y

ﬁ2 1_B2 —

/,
.}.; ,Qb
\'3!
. \e O‘ﬂ_
0 25



A slit and hyperbolic equipotentials

v=0.51

V=0.6ﬂ: 40 V=0.4ﬂ

v=0.77 3.5 g
30 v=0.3n1
V=O.8ﬂ: 25 V=0.2T[

2.0
v=0.91 4 5

0
V=TT 0} » =0

v=0.17

= - op - 4
-¥0
5
-2.0
-2.5

3.0 Observe the equipotentials.
jg What problem can be solved
| using this?



How do we scale the variables ?

Y

V=V X =)

2a

The slit width =2 a extends 1n the xz-plane
V (x, y)should satisfy
2

2
X ¥y 2

= a
YUV 4

COS —— SIN. ——
V, V,




Design your co-ordinate to suit a problem

Easy problem: A long copper pipe (circular cross section,
radius a) is kept at a potential V. What is the electric field

everywhere?

o lg [0V 1 oV
v r@r(rﬁr 2 062
m Bm +im0O
Full soln V(r,0)=(A4,+B,Inr) + Z I P
m##() 2
V(ia,0) = V, V 0
Vir,8) = V,[1+In%
2
v
L E = — (r>a)
2
E, = 0



Design your co-ordinate to suit a problem

Not so easy problem: A long copper pipe (elliptical cross
section) is kept at a potential V. What is the electric field

everywhere?

2

A
@ -

Strategy : Design/find a co-ordinate system (u,v) in which
u=constant or v= constant produces an ellipse.

See if Laplacian is separable in that (u,v) co-ordinate system.

Solve Laplacian, now you should get a tractable boundary value
problem. It will not work in all cases...but in some cases.



The elliptical co-ordinate (u VY, z)

x = coshu cosv\
y = sinhu sinv '=h,=h,=sinh’u+sin’v
A — Z
J
— 1 i -
V.E = 2 (F,h)+ C(F h)
: 1 [af(10V s(1ov |
Vo= h,|- h
V huhv ou hu ou OV hv ov "
2 2 )
Vr=0 = oV 9 V=O (a fortuitous case !!)

ou’ | oV’

This means we can trivially write down the solution in (u,Vv)
By recalling the solution in simple cartesian (x,y)



The elliptical co-ordinate (u VY, z)
V(u,v) (Aou—I—BO)(COv—I—DO) +

i (Akcosh ku+ B, sinh ku)(Cksin kv+ D, coskv

k=1

u=cosh ' /2 reproduces the required ellipse
V (cosh™'W2,v) = Ve YV v

=>V(x,y)= o,
’ cosh_lx/z
.X2 2
We need to invert : | Y =1

2 2
cosh“u cosh u—1



The elliptical co-ordinate (u,v, z)

(2424 1) [ (x=1 )P4 32| (x+ 147

cosh’y = >
= A(x, )
V
Vix, = 0 cosh™ 'WA X,
( y) cosh_I\/2 ( y)
Vo 1 oy
E , = =
) 2cosh™ V2 VA (A—1) O x
V 1
E(x.y) = : L

2cosh V2 VA (A—1)0y

Calculate the limiting forms for large x,y and fix the sign. Show that
your recover the result for the circular pipe as expected..




What 1s meant by "conformal"

The Zand W plane.
Angle between two trajectories at their point of intersection

Possibility of generating many orthogonal co-ordinates starting
from cartesian



Conformal map : upper half plane to unit circle

z—1

W = u+iv = : (y = 0)
ZT1
)7777 -
}77711
- —_—
_ 2 X
“ %0 —9 > = tan0
z+2Z, x —1

(on real line)



Conformal map : upper half plane to a strip
w

u+iv = Inz  (y > 0)




How to use this ? The key fact.

We have a function of W=u+iv=f(x+iy)
And a function @ (u,v) such that

0 D(u,v) 0" D(u,v)

- | > = 0
ou ov
now since we have W = f(z)
®(u,v) = ®(ulx,y).vix,p))
= Y(x,y)
LO0lx,y) owlx,y)

0 x° 0y’

(Notice the variables. !l Itis NOT a trivial assertion !!! )




Conformal map the algorithm for using 1t

Suppose we know how to solve a problem with a given
boundary condition in the (u,v) plane.

Then, if we can find a "conformal map", that twists the
boundary from the W-plane to a desired boundary in the z-
plane. The variables are now (X,y)

And somehow one of these two boundaries is "simpler" and
the integral can be done exactly.

The theorem ensures that one solution can be exactly mapped
into the other. Uniqueness gurantees that is the correct
solution.

(Remember : There is NO set recipe for finding the correct map !!! )




Why does the method work ?

Y(x,y) = @(ulx,y),v(x,y))
oYy _ 0®Ou 0dOv
0 x ~ Ou 0x 0Ov Ox
oy _ |0 (o®\0u, o (od\0v|0u o Ou
O x> Ou\Ou |0x Ov|\Ou |Ox|0x Ou Ox’
+ O [ 0P @u_l_ O [0OD (9\/"8\/_'_@(1) 82\/
Ou\0v)ox Ov|dv|Ox|O0x Ov O x>
_ 0 l@u\z_l_azq)lﬁv\z o*P | Ou Ov
oy’ \0x ov:\Ox uov\ox ox
2 2
+8<I>51/;+8<I>5Vz 3 ou
ou Ox oV Ox Ox Oy




® is harmonic in (u,v)— ¥ is harmonic in (x, y)

Similarly....
o'y _ 5 @|du Zlach Ov 2:2 2’ | Ou Ov
0y’ ou \0y| oy \0y Oudv\0y 0y
aq) azu a(I) azv »8\/:8@1
0y OXx

ou §y2 ov @yz
Adding the two & using the Cauchy-Riemann relations...
-

2
) ) ou ou o> P
= Ol —| + 2 .
Vo V=0 _ éx) (8)/ _ 6u6v(vu) (ZV)
+ @Vzu | 8CI>V2V
ou ——, 0V ——p

= 0



Using the conformal map

Suppose the potential 1s known on the x -axis.
Given ¢(A,0), How can you find ¢(x,y) ?
Strategy: Transform the real line unit circle
Ensure that (x, y) is the center of the circle.

STEP 1: The transformation...
272y .
W = — where z,=x+iy
z—Z,
STEP 2: What happens to any point (A,0) the real line ?

e’ = K_(XH:J/) . define £ (0)=¢(A\,0)
h—(x—iy)




Using the conformal map

STEP 3 :relate d0O = 2y2 ~d A
(A—x)"+y
STEP 4
1 27T
= — 0)do
¢(x, ) 2H{f()

0 Z—Z_O)(I)<7\.,O)
ST v ey

Lre.0) 4
oo(x k) —I—y

d M

o(x,y)

‘A closed form expression in terms of the boundary values.
But it will NOT help in solving for slits, apertures etc




A more complex map : the Jukowski map

What happens to
ﬁﬁ N

z| = 2
z| = 3

/é

when transformed by
o W=z+ L
Z

Deforming circles to straight
line and confocal ellipses




Transtorming |z—z,|=|1—z,]

(. . )
Deforming
circles to

\aerofoil

J




Cylindrical co-ordinate system

Off-axis expansion

How electrostatic lensing works
Bessel functions



Potentials with axial symmetry

2 _ Lo [0V )1 0V 80V _ . Ifthe beam does not
ViV = P op (pap +p2 502 +822 =0 change the potential
2 2
S—V—I—pa IZ/+pa 12/ = 0 Axially symmetric
Y op 0z

If V(0,z) is known the complete potential & trajectory can be determined.

First solve a generic problem for axially symmetric solution of laplace egn

ov XY 82V Can couple even powers to even powers only.
6p p@ +p@ = 0 | Consider the powers of p.
. z" First & second term will reduce power by 1.
Z A, Third term increases the power by 1.
n =0 No coupling between p" and p"*1 possible.
v (0 z) = O(Z)

2n+1

____[42n

ZAM 2n.0" > 4, (z)2n.(2n—-1). f

n=1




Potentials with axial symmetry : £, and £ _

> Ay (z).2n 0" 4> 4,,(2) 2n.(2n—1).07" + )] —AZn p-" !
n=1 n=1 n=0
Consider the coefficient of p

A(')' Can you write the general
A2(2+2.1)+A0”(z) =0 = 4, = 4 term in the expansion ?
Consider the coefficient of p’ Try to find the pattern of the

4" coefficients.
A (4+43)+4,""'(z) =0 = A4, = — -

04 (—1) P A(Zn)( )

(n1p\2) 7
The series solution is then :
o) 2, v(0,)
Vip,z) = V(0,z) — : + : — e
(p, z) (0,2) PR o
oV 1 .
£, = _(ﬁzsz (0,2) Correct to first order
Terms of order p? and higher dropped
EZ — _ZV(O’Z) :—V’(O,Z)
z




Electrons and light : Bethe's observation
optical refraction:n,sin0,=n,sin0,
Vip = VY
Choose ¢ = 0 position, so that
2

2 0 100
p — ARNNY
VO VO ITRR N
1 2
_ THITRRIY
i kG
Vi Va N1/

J§,sinb, = J¢,sin6,
square root of /¢ — refractive index



Electrons and light : Bethe's observation

optical refraction:n,sin0,=n,sin0,

0/80'90
1117/
W4

7

/

50

L Fl
\x,:::.h

2013

xxhl"\ | :'I

0
\

1




The einzel (= single) lens

Wehnelt . +Y  Scanning
cylinder Anode - Einzel lens ------- | electrodes
Filament émlsz I
| sl s s sl s s s s s s also s e s o d s hosas ol s s e nena
O e 4
L- -y
+ Anode — Focus ——
Voltage = voltage =
——_Electron .
energy The einzel lens starts and ends at
e the same potential.

Two=clement lens Three=clement lens A

Equipotentials near gapped cylinders... Sise et al

Eur. J. Phys. 29 (2008) 1165-1176



Quadrupole lens : NOT axially symmetric

Useful for
correcting
astigmatic
error
features in
images.




Formal solution in (p,0, z) co-ordinate
0

2 _ i o .oV, g (1oVy), o (. .0V -
4 01 30\P a0 ) 26\ P30 32\P 52
lg ( oV 1 &V &V
~ DPoo P T =22 — =0
P P ) p 00 0Oz
V(p.6,z) = Rlp)®(0)Z(z)
Separation of variables:

Separate out ® [Standard method J

2 2 2
1d1§+1dR+12d(§>+1dzZ - 0
de Rpdp <I>p do° Z dz
0> d°R de P ‘d’Z _ 1d'® .
R dp’ de = D 76

O0)=P(0+2nn) : .. P~e""" : m=0,+1,+2...




Separation of variables in (p ,0, z)

Separate out Z(z)
1 d°R l dR

_|_
R dp’ Rp dp

1 d°Z

The sign of k*= Z(z —w)=0
The Radial equation :

1 dR
+ —— +
pdp

d’R
cz’p2

f

R
If m=0,k=0{]p =
Y4

y

2
m 2
_m  _ —
p2 Z dz’
Jp—)OO
2
z ]§+sz ~()
dp
- = oscillation :
k _pT R=0 infinite polynomial
~p—0
(AO+BOhlp> 2d2R dR )
const X dp2 +pﬁ m R~
(CO_I_DOZ) :>RNp+m




Solving the radial equation in (p, 0, z)

2 2

d? + pldi + kz—mT R = 0 (with x=kp)
dp dp P

2
xzjlzR + xZﬁ + (xz—mz)R = 0

X X
R = x") a,x’  (x " notwell behaved at x=0)

0

co-efficient of x” : a, arbitrary choice

co-efficient of x"*' a,(2m+1)=0 : =qa,=0

: +2
co-efficient of x"

1
2. (2m+2)

a2[(2 +m)2— m2]= —da, @ >da,=

Only alternate powers will be there in the series



Series solution of the radial equation

: +4
co-efficient of x”

(=1)

2.4.2m+2)2m+4)

(—1)°

" 24.6.2m+2)2m+4)(2m+6)

614[(4+m)2—m2]=—a2 L Da,=

: +6
co-efficient of x”

a6[(6—|—m)2—m2]=—a4 . >a a,

- m! —1)V T (m+1
a2j:(_1)] 27 . ( a, — 2<j. ) ( ) 4y
27 i1 j+m)! 27 JIT(j+m+1)
Allow fractional values of m & choose a,= :
2"T (m+1)

this converges
for any x ?

X )2j How do we know




How do Bessel functions look ?

As x—o o

1.0 o(X)

Each of them have infinite number of roots.
No two roots ever coincide except at x=0. (!)




The zeros of Bessel functions

k Jo(x) Jl(x> Jz(x) J3(x) J4(x) Js(x)

1 24048 3.8317 5.1356 6.3802  7.5883 8.7715
2 5.5201 7.0156 84172 9.7610 11.0647 12.3386
3 8.6537 10.1735 11.6198 13.0152 14.3725 15.7002

4 11.7915 13.3237 14.7960 16.2235 17.6160 18.9801
5 149309 164706 17.9598 19.4094 20.8269 22.2178




The second independent solution

J (x) and J_, (x)are linearly independent EXCEPT
if m 1s an integer

J_(x) = (i)mi o x)zj
- 2 j=0j-/r(]._.m+1> 2 'Factorial of

Linfinite !

¥ )2f negative integer is

|
—_
l\)|><
|
S
~
J
|M8
N
.
+| L
§ \-//\.
.\/ ~
— ;
~ 3
—_
(\®)
\_/
(\ O]
<.
+
s




The independent solution for m=0 and integers

The second independent solution (Neumann)

See the ref material for
T[Nm(x) — lim!%—(—wvg;{" more details
0 - 1\ 2 \/ J ]
AN (x) = 2J,(x)In[L2|-2) ( 1)2 S L
2 1)y \4 =

j=1 (])

n — 00

y = Euler's constant = lim (Z llz)lnn
k=1

‘The derivative with respect to the order of the function may look
unusual but it is possible because the order of the Bessel function
is defined for any number.

The derivative requires the use of digamma functions

The Neumann solutions are singular at zero. The singularity is
logarithmic for m=0, power law like for m=1,2,3...

J




Factorial of negative integers is infinity (oo)

Define f f x'e “dx (Generalisation of factorial)
00 xn—l—l 1 00 1
n —x —X | © n-+ —X
{xe dx = 1€ res n—l—l{x e dx
=0ifn>-1
(n+1) f(n)=f(n+1)...Exactly like a factorial.
7(0) = fxoe_xdx = 1 :(recall 0/=1)
0
f(n) = f x"e “dx converges only if n>—1
0
1 .1

7n) »01f n <—1 18 Py for n=0,1,2,3...




The orthogonality of Bessel functions

The Sturm-LlouVﬂle differential equation:

d dF’
—|px)==| + la(x) + wr(x)|F =
- R
[elgenvalue) [welghtlng function ] [elgenfunctlon}
X, [orthogonallty )

J r(2)Fo(x)F o(x)dx = 0 (w#u,)

X1

The interval (xl, xz) has the boundary condition
aF(x)+bF'(x,) = 0  [a,b,c,.d

9

cF(x,)+dF'(x,) = 0 are real constants

(sin, cos, Legendre are simple, Bessel needs a bit more work )




Sturm Liouville — Bessel

d | dF

. p(x )d +  g(x) + wr(x =
x_ X / +

d -¢dF | m? ¢

dp_pdp_

The eigenvalue comes from k NOT from m.
S0, solutions corresponding to different k will be orthogonal.
KFor different 'm', we will get a different set of functions.




The orthogonality of Bessel functions

Recall the substituion we made..... x=kp
At p = a
Jm(ocp—) = Jm(ﬁp—) = 0 1f o,p arezerosof J
a a
The choice k=% leads to
a
li-i.]g-_|_0(_2_ﬂ2_]ﬂ — 0

Multiply both sides by pJ m(ﬁ p) . integrate over (0,a)
a

Then start with k= i and multiply both sides by pJ (& p)
a a

Then subtract the two results...



The orthogonality of Bessel functions
The orthogonality

(a’=p7) | me(&p)Jm(ﬁ—p)dp = 0
0 a a
The Normalisation

fpﬁ%%p»h%%pyh>=
0

!Jm+1(a>]2

[\)‘Q
(\®)

Expanding an arbitrary function

:Z AnJm[%p) (ocnis the n” zero of Jm)

Aia[JWJ szf ( )dp




Geometrically they have similarity to sin/cos

—— J,(2.4048*x)

_ — J,(5.5201%x)
T J,(8.6537%x)
— J,(11.7915%)
054 — J,(14.9309%x)
><C
\_I\_J_,- -
- nn
hdid ' |
ojo Ws\ 1.0
05 - cos(nx/2)
cos(3nx/2)
cos(dnx/2)
1.0 1] A cos(7nx/2)
_ ‘ cos(9nx/2)
N 0.5-
b
i i
00 . , .
. 0[0 0.5 0
171
8 0.5
1.0




Finally : summary of the solution in (p, 0, z)

Assuming V (p, 0, z) is finite at p 0 and1 1s zero at p=a

(9.0.2) = 32 320, k) S0
m=0 n=1 coshkmnz

L X

y

(A coSm 6+B _sinm 6)

where kmnzxm (xmn . n" zero of Jm(x))

A

/Depending on how the boundary conditions have been
provided, one may need to re-write the form of the
.expression, chose exponential, sinh, cosh etc.

J




Reminder : summary of the solution in (7,0, ¢)

Spherical Polar co-ordinate

2141 (I—m)! m im
Fal0.0) = | B oo
oo m=I i Bm-
V<r’6’q)) — Z Z Almrl | I/‘lil Ylm(e’q))
[=0 m=—1

Generally one finds the coefficients by matching
the function on some given spherical surface »=R



A tubular lens : solving for the potential

b= -V, =V,
IS S | |
\ U\ y

Tz Verysmallg?p ?ZO 2

Inside the tube ®=R(p)Z(z)
2 2 2
oP_ lod 1 b 0@
00> PIp 2 90° 4277
2 2
LR LR LdZ e

Rdp® Rpdp Zg; | |
®(p,z— o) is finite = Z(z)~a, e +b, e “=k’>0

|
S

+ |k . .
Z(z)~e""” cannot work in this case



A tubular lens : Bessel tn with imaginary arg

The radial solution must be |
1 d’°R 1 dR )
++ — k = 0 f
dez Rp dp > _ We need
compare with | Zl:) (i)k
2

»d R dR 2 2 2 \
0 (k 0 —m )R = 0

dp’ dp J

Solution : ®(p,z) ~ Z(akeikz—kbke_ikz)Jo(ikp)
k
®(0,z) is finite = no N,(ikp) in solution

There 1s nothing to force discrete k

- ®(p, z) 1 fA T (ikp)e™ dk = ;ﬂf (0, k)e™ dk



A tubular lens : Bessel tn with imaginary arg

Since @ (R, z) is known, we can invert the Fourier transform :
0

F(R k) = f(—VO)e_ikZdz 1= f(VO)e_ikZdz
9 0
2V, ¢ .
= —— | sinudu where: u = kz
ik
_ Imm 2VOOO —ou - _ 2VO
00 I {e sinudu = ”

VO ]?' JO<lkp) eikz

= ®d(p, z) T ik J,(ikR)

o (_ 1\ (1 ~\2) B 2
Note : J,(ikp) = Z ( 12> ik p = Z 12 kp NO.T
i—o j!7 | 2 iy oscillatory




Use a script to generate the potential and plot...

//Scilab script

function y=pot (rho, z),

v=(0.5/atan(l)) *integrate('sin(k*z) *besseli (0, k*rho) /
(besseli(0,k)*k)','k',0.001,50),

endfunction

clf ()

rhorho = linspace(-1,1,50);
zz = linspace(-1,1,50);

set (gcf(),"color map",jetcolormap (128))
drawlater () ;

zminmax = [-1 1]; colors=[0 255];

colorbar (zminmax (1), zminmax (2),colors)
Sfgrayplot (rhorho, zz, pot, strf="041",
zminmax=zminmax, colout=[0 0], colminmax=colors)
xtitle ("tubular lens, V=-1 and V=1")

drawnow () ;

show window ()



A tubular lens : plot of ®(p, z)

tubular lens, V=-1 and V=1

i
n_a
b
Notice the
.2 "lens" shaped
-, curves of the
| electrostatic
") -°  potential
0.2 ] —.0.2
)
-0.4 0.4
-D.EE -0.8
|
.n_e 0.8
b

-0.8 -0.6 -0.4 -0.2 0 02 04 0B 0e






Green's function in electrostatics



Charge distribution and boundary condition

0
@
=L 1 0 (1 1) w
dme, r V= The center of the sphere is
47 €, \ 7 R /|taken as the origin.
_The xy plane only considered |
R | r )
V = 2 { 1 > — \ Boundary condition
4T € \/(x—a) +y 4 R\ changes the form
| T +y/ of the solution in
_non-trivial ways.




What does a Green's function do ?

[Operator|G(x—x")=—8 (x—x")

/ 1/a
X =

~

(Some operator) Some func F1

r

~

Some func F2

~

Some func F3

r
/ \J

x
f
\ Va

r

We assume that
superposition works...

Add F1, F2, F3.....to] (Build up RHS by
build up LHS assembling spikes of
different heights.
Can add to G any function that gives RHS =0 || ike breaking up an

Delta function is a "simple™ thing in k-space. \mtegral Into rectangles)




How do we put these together ?

Begin with two arbitrary functions W(7), ¢ (7)

V.[oVy) = ¢V + Vy.Vo
VI (vVoel = vVo + Vo.Vy

[loVPyp—0V3o)dt=¢ (0V -y V¢).d3

vol surf

Now make P=
the choice ¢

f [CI)(—@(r—r’))—G(—E%)]d T= ¢ -(I)aG Ga—q)-dS




Formal solution in terms of G (r—r"')

Make a choice G=0 on the surface § (Dirichlet)

, 0G
V{Z(CI)[—B(F—F ))—G(—E—O) drzsif P Ggg’

interchange the role of » and '

dS

(r)=¢ [ Glr=rp(r)dt’ — § (s )g—fds'

vol surf

"The formal solution for potential when the charge distribution s
given and the potential is specified on the surface S.

But we need to start solving for G in various geometries.

The form of G depends crucially on the boundary conditions!

\. J




Interpretation of the terms

o(r)=g [ Glr—rplr)de = § @(r)5%ds"

vol surf

The first term gives the contribution of the volume charge.

But imposing a boundary condition (potential) on S requires a
(surface) charge distribution to be "pasted” on S. The second
term results from that.

If there is no "volume charge"”, then the potential is entirely
determined by the "surface" term. It can be calculated if we know
the function G.



Any other possibility ? (von Nuemann...)

Can we make a—G=O on the surface § ?7!'NO!!

on
d‘t=¢

J (@!—Mr—r'))—G(—E—O) $

0G _ ;0

dS
on on

O

vol

[V.VGldt=[ViGdt = §(VG).a5=¢ LS as

vol vol surf surf 8 n

Here S is the area of {@G 1 . \
[ J — = —— : simplest choice

on S

the bounding surface.

(. . . . . )
This choice is used in heat flow related problems. However
"mixed boundary value" problems do occur in electostatics.
An example is an aperture in a metallic sheet.

J




G(7—7') foraplane

PROBLEM : The potential is given everywhere on a plane. It is
not necessarily constant. How to solve for the potential

everywhere?

VG=-8(x—x")8(y—y")8(z—z') : G=0 if z=0
Dimension of G (for Laplacian)is [L] in 1D,
dimensionless in 2D,[L]" in 3D. Why?

The simplest image charge problem in disguise !
Point charge above a "grounded" conducting plane.

ey ] I

ST Vx—x"P+(y=y P +(z—z")
1

Vix—x"P4(y—y P+(z+2')




G(7—7') foraplane

oG 0G 1 z
o r|z'=0 3/2
om0z ST |(x=x"V+(y=y 'V +2
Why is the direction of # along —z'?
- _1 / / r a_G /
O (7) € J Siﬁif@( )671 dS
_} 00 o0 ’ ’ (I) X’, /
(7) f dx'dy 5 (x",y )2 TE
T (x—x"P+(y—y'V+7]

The potential must be specified everywhere...no holes or slits!
The divergence theorem that we used as our starting point,
holds only if the surface is closed......




G(7—7"') for a sphere

An 1mage charge problem, really...
a

N

Dr'=q’ Q'=——90
r
V:G=8(7—r")
=L 1l _ a/z
41 ‘7_,,«’ ‘?_D ‘
since 17 " and D arein same direction
1 1
G=— _
41
oG
Normal derivative (’a—G:< or'l -
572 5G
\ 87" r'=a

1
\/r2+r’2—2rr’cosy \/(rr’/a2)+a22rr’cosy)
(

for r<a r and r' are

iInterchange-

o
for  r>a able. Why"



G(7—7"') for a sphere and spherical harmonics
f

1 a—r’la (r>a)
oG 4K(r2+a2—2arcosy)3/2
on - 1 r’la—a (r<a)
K4 T (r2+a2—2arcosy)3/2
cosy = cos0cos0’+sin0sin0 cos(¢p—q’)

(

\ 47[ l * / / /
1 Zzl_l_l rZ+1)Ylm(6’q)>Ylm(6 )q) ) (I"<I” )
| 1=0
‘?_;'__< = 4 | 7" )

ZZH—I I+1 Ylm(e (P)Yzm(e' (I)') (7”>’”'>
=0

\




1 1 alr’ a’
G= — — — where D=—
A\ |77 7-D | r
( l l
- 4 1t 2 f ,
L <ZZ(1) 2 Sy [Ynl0.0)Y5(67.07) (r<r)
P & o« 4w | o :
; mzz_121‘|‘1 rl+1)Ylm(e’q))Ylm<e ’q) ) (I/'>I” )
\
alr’ = A A
— Y. (0,0)Y, (0", ¢’
‘7_1‘5 ZZ:‘) m:Z_lzl_i_l a a2 lm( ’q)) Z( (I) )
@G 1 = / s / * , ,
, - _22 Z — Yzm<6’q))Yzm<6 , P )
51” r'=a A =0 m=—I a




vol surf
for r<a
[
o r / / / / /

CD(P')=Z a Yzm(6 (I))¢ d (2 Ylm(6 ¢ )(Ds(e ¢ )

[, m surf
for r>a

7 [+1

0F-E (2] rul0.0)§ aar 00000000

[,m surf

Why is the form different for "interior" and "exterior" points ?

"Multipole form" is useful in telling us the dominant nature of the
variation of the potential.



Eignefunction expansion of a 0 function

"You would have noticed that the functions appearing in the Green's

functions are the same functions frequently seen in eignefunction
problems. What is the connection ?

Basic fact: We know that any function can be expanded using the
"complete” and "orthonormal” set of eignefuctions — So we should
be able to expand a delta-fn also in a similar way.

kWhere does this lead to?

Consider an operator eigenfunction : Lu (x)=A u (x)

S Ayu,(x)= 1 (x)=d(x—x")
Solve for A4



Eignefunction expansion of a 0 function

b

f n A u (x)u (x)dx

f@(x—x')um(x)dx

Correct

b
Z A, f ”n(x)”m(x)dx — ”m(x ') normalisation
n a assumed

¥, ()1, ()

S(x—x")

'So the RHS of a Green's function can be expanded in
eigenfuctions for each delta function. The LHS can also be

_not the most handy expression in many cases.

written in terms of eigenfunctions. The solution is guaranteed but

~

J




G(7—7') for along cylinder

The image charge trick works for a "long"/infinite cylinder
as a boundary. It does NOT work for a finite sized cylinder .

Cross section of the

G =0 ~ hollow) cylinder.
D ( ) cy
- @ The red dots are "line
- -7 charges" extending
g normal to the plane of the
paper..

f - . : )
Two line charges perpendicular to the xy
plane , produce circular equipotentials in
Jhe xy-plane. Ulilise this....

J

Consider the function
J=inl[7-B]
In 1s a solution of Laplace eqn 1n 2D polar

gzln(‘?—;’



G

7 —

—

7') for a long cylinder

g

1n(‘?—17’ )—ln(‘?—b ‘)
2, 2 /
lln a2+r : 2ar’cosy PR
a +D —2aDcosy \
2
, d +1—2a—,cosy
1 r'’or' r D a
—In|—X > choose =—
2 a D D a r
l+———2—cosy

| © o

In ( r_) subtract this from g to get G(p=a)=0
a

Introduce the usual cylindrical polar (p, 0) variables
\/p +p'"*~2pp’cos(6—0")
\/(pp 'la)*+a’—2pp'cos(6—0"')

27(




G(7—7') for along cylinder

a_G _ o aG _ 1 a_pzla (p>a)
on op'[P=* 27 p2+a2—2apcos(6—6’)
oG = 0G 1 0’la—a
~ r|p'=a B 2 2 (p<a)
on op 2T p"+a —Zapcos(B—G’)
d(p,0) = -gﬁcp(e')a—Gade'
on
1 3%[ a’—p’°
= —QOP(O’ do’
27 %, ( )p2+a2—2apcos(6—6’)

(This IS exactly the Poisson integral formula, as expected )




What should a 8 function look like in (p,0,z)?

[ 8(7=r")dt=1  must hold

vol

f“"gp ) 5(6-0")5(z—=")dppd 0

vol

In general, for u, u, u,

dT = hyh,h,du,du,d u,
= O(u,—u, ") 8(u,—u,") 8 (uy—uy )
S(7—r') =

h h, hs

It is possible to integrate out angular co-ordiantes if there is no angle
depndence of the functions that are being dealt with. For example

1

6(7_;,) 4tr

26(r—r’) in (r,0,¢)with only r dependenc



G(7—7"') for the interior of finite cylinder

We need to solve A
2 _la ,1d 1 ¢ 0 —
Vo - 8p2+pap +p2862 +(922 ¢ —=L
:_6(pgp ) 6(6—6’)6(2—2’) ’
G = 0 on all surfaces of the cylinder p=d

zZz=0 = -
G=R(p,p')®(0,0")Z(z,z') works..... /

But we are NOT going to get

decoupled equations like ‘The RHS will be zero for
N d(p—p’) decoupling the equation, but

R(p.p') = 0 each equation will be solved
®(0,0') = 8(6-0") twice...once each for two
Z(z,z") = d(z—z') sides of the delta-fn )



G(7—7') for the interior of finite cylinder

2
%Z(Z,Z’)—kzz(Z,Z’)ZO Solution
Z

7 A (z')sinhkz + BA=z"Yeoshkz (0<z<z'<L)
k—<

C,(z')sinhkz + D,(z')coshkz (0<z'<z<L)

\

Z.(0,z) = 0 = B./(z')=0

cosh kL
~sinh kL
sinh k (L—z ")
sinh Az 'sinh kAL

Z,(L,z') = 0 = Clz')= D,(z")

Gis continous at z' = A/(z')=D (z')

So, except one all coefficients have been solved for.
What condition should determine that?




G(7—7') for the interior of finite cylinder

sinh k (L—z ")

D, (z')= sinh kz (0<z<z'<L)
Z, = sinh kz( smh)kL
~Sinh £ ( L— ,
ka(z )sinﬂnkL (0<z'<z<L)

'How do we use the symmtery Z(z,z') = Z(Z',z) ? )

If we interchange the values of z and z', then the solution

for z < z"must produce the solution for z > Z' )
STk {E==7 . SSimTk (=27
D hkz'=D,(z’
k(z)smhkzs-nﬂrhdm =D =
Smhk(L = )Sinhkz (0<z<z'<L)
__|sinh AL
Zk_<sindk( L—z)
— sinh kz ' (O<Z’<Z<L)
\sm_nkL




G(7—7"') for the interior of finite cylinder

Repeat exactly the same process for the ®(0,0') part
d2

®(0,8")—m’®(0,0')=0 gives

d ¢’
d=cosm(0—0') (m=0,+1,%+2,.....)
The radial part
d’ d 2 2 2 :
0’ R+p—R+(k 0 —m )R=O 1s solved by

dp’ dp

(

A (p')J (k O0<p<p’'<a
R(p,p)=| AP ") ulkp)  O<p<p
C,(p")J,(kp) O<p’'<p<a

N (p=0) diverges. So not part of the solution .



G(7—7') for the interior of finite cylinder

Continuity at p=p’|  R(p.p") = J,(kp')J,(kp)
Symmetry p<:>p’ = _ xmn . th
R(p=a,p')=0 | k = paii n" zero of J (x)

The full solution 1s obtained by combining

o0 o0

G(F,r)=2 2 A4,,7,k,0")J,(k,p)Z(z,z")cosm(6-0")
1

Mm=—00 n=

The coefficients A4,, will ensure the o functions on RHS

For 8(6—0') : multiply both sides by cos p0 and integrate



G(7—7') for the interior of finite cylinder

For §(6—0') : allow the Oderivative to work
then multiply both sides by cos p(6—0"') and integrate

62 16 | 2 82 \ '
+ +—(—m ) +%*—|RDZcos p(0—0')dO=
apz Pop p2< ) 822/ ( )

- 6(p_p’)6(6—6’)6(2—2’)cosp(6—6’)d6

o° 10 m | 9 : :
+ — + R(p, yAVA =
apz p ap pz 822 (p p ) (Z z )

6(959 ) (=2

For 8(z—z') : integrate both sides between z=+e



z +€ 2
o .lo p o0 _
Zn:nApnzL - T ; 5 RZdz =
z+e€ B / 7
dz 6(pp_p )6(2_2’)

(rThese terms cannot contribute to the integral becuase Z(z.Z') is
continous at z=z'.

So only contribution can come from the z-derivative, becuase Z has a
DIFFERENT functional form for z<z' and z>Z'

dz | _dz __d(p—p’)
;T[AP"R dz dz B P

z'+e€ z'—¢€




G(7—7') for the interior of finite cylinder

fsinﬂak(L—z’)

. . Sinth <O<Z<Z’<L)
__ | sinh kL
xS sinhk (L—z)
— sinh iz ' (0<z'<z<L)
\smnkL
dz | dz | \__,_[*m
dZ zZ+e€ dZ z—¢€ a
/ R , " = J (ko'")J (k
X | d(p—p’) (p.p) Wkp") T, (kp)
ZAanrt = 5
n a
a W r X n X n
a x 6 B ’ x |
Jdoe, ﬂp) =, %p)
0




G(7—7') for the interior of finite cylinder

X, X | X X, X ,
e P PR N P e A P
' i X pg pn a’ 2
Using fdp pJ | —p]|J, Ppl=—J",u xpn)énq
O a a 2
We get the solution for 4,
1 1 X
A = =0, k = £
o Ttazkansz(kpna) r P a
_ 2 1 1
na‘'k, J ., (k,a) p=
. < = (2=8 V[ J (k p"J (k p)]
G(?’]/’):LZZ( pO) p( pn2p) p( pnp) Z(Z,Z')C()Sp(ﬁ—@')
e p=0n=1 xp” Jp—l—l(xpn)




PART 2:

Energy, momentum and force in
electromagnetism

E,D,B,H

Wave propagation, reflection & refraction



Energy conservation

‘Conservative field — KE + PE (scalar potential) conserved. h
EM fields are in general not conservative, so what is conserved?
S0 may be : KE of particles + "something” will be conserved ? |
- - Work done on the charges=
0 WM — f O (E—|—T} )(B) v otd T Force x displacement (integrate(iover all vol)
all vol Use VXB = uoj+eouogTE to replace j
dw =
At — fE.]dT V.(ExB) = BVXE — E.VXB
2
1 R N o r €L
= — | (E.VXB)dt — dt
o f (E.VXB) ot 2
1 > > 1 ¢~
= —-J V.(ExB)dt + | B.(VxE)dt




Energy conservation

dw 1 5 - 1 ¢ - -
a’t—M = _W‘[V (EXB)d T + me (VXE)d T
2
Y €k
ord 2 4T
1 o ¢|l€E B
LV (ExBlad [|SE B
MOfV( )d T 8tf > o, dT
d €0E2 B2 1 - -
W, + + = — (ExB
i "o LT 1) = T ] VBBl
compare with V._j-l-% =0 :OR: dc%n = —f j.da
surf




Momentum conservation

‘We find that the EM field contains energy and we can identify the A

energy flux/flow/current term as well.

Natural question: Can we do the same for momentum of the particles?
This is more invloved, becuase momentum is a vector and forming the
continuity equation for a vector would require a "tensor".

Apart from that the reasoning is very similar...
NG J

I
B
]

iZﬁi F | p(E+9xB)dt
dt all all vol

= f (EOV.E)_) VXE_an_E X B |dt




Momentum conservation

%Zﬁi F = [ p(E+vxB)

all all vol

dT

= f(eOV.E)E + |~ XB_EoE
O . . B’
Since : (VXB)XB = (B V)B—Vz—
And 0L |\ B = 9 (ExB) + Ex(VXE)
Ot Ot
o (pv | (7 viE_vE
= —(EXB)—||E E—V —
2 (ExB-|(B.V)E-VE-

dT



Momentum conservation

RHS becomes :

S 1 = = = B | 1 5 (EXB)
€, (V.E)E+(E.V)E—V2— + (V.B)B+(B.V)B—V2 S I
The integrand is now symmetric in E and B althoughthe | | S=E x B
initial expression was not. The extra term we have added emerges again
Is div B which is always zero.
d| | e ok
N —der = [|e{(V.E)E+(E.V)E-V | +
dt pamcles 2

0 (V.B)B+(B.V)B—V2— d T

"Question : Is RHS the divergence of something? Then the form of
the continuity equation will emerge again.

But the RHS is already a vector, so it can only be the divergence of
tensor (if at all) )




Momentum conservation

o it mone wE|  OF, OF, 10E
E)E+HE. V) E-V—| = / E+E.
(V.E)E+(E.V) V2 | 8x] "0x, 28xi
2 index j i
— 0 E.E —62 sRuerﬁ;a:jdover,dtfmere Jis ncS)
%, X; S ) summation over i
Hence entire RHS integrand is a divergence of the following
E™| 1 B s
Tij — E E 61]2_ W B;‘Bj_éijz_ Ztresstellns;r?
d| > Pt der = —(V.(-D)dv = - [ (-I).da
dt | particles vol surf
compare with d—Qinside = —f V.}dr = — ; da
vol surf




Electrodynamics and materials

In any material there are huge number of charges (nucleii +
electrons). A complete description of the electrodynamics of
a "material” should take these into account!

This Is the exact "microscopic" description. In this
description there is only E, B and fundamental constants.
There is no D and H. (see Classical Electrodynamics , sec
6.7 — 6.9 :J.D. Jackson)

This is clearly impractical. So we invent some ways of
retaining the form of the Maxwell's equations, but introduce
some paramters and very few new variables.

It works well for many cases (refractive index for light is a
very good example.) It will not work when the atomistic
"discreteness" is important (X-ray diffraction)



Electrodynamics and materials

The average description relies on modelling the
"charge/magnetisation neutral” background as something
that develops a small electric/magnetic dipole moment.

The "bound charge" and "bound currents” that we talk about
are essentially these dipoles. For this approach to work it
must be easy to separate out what is "bound" and what is
free. This Maxwell's equations do not tell us. We have to
decide.

Linear dependence of polarizability and magnetisation is not
necessary but simplifies the formulation a lot



The definition of D

- P -
VE — sz(;AL = V'E‘Ol? — pfree_l_ppol

since  P,,=—V. P,  we can write
V'IEOE 1_5] — pfree OR Vb: pﬁ”ee
Use the proprotionality of P with E-:

P= €0X E (This 1s phenomenological)

e(l+y) E = cE = D (Linear material)

Quantities like D, ¢ can only be defined in an average sense. ‘\
Makes sense if averaged over a few (~10 -100) lattice units.

11 One cannot talk about D or ¢ inside an atom!!




The definition of H

VXE — Moj — MO( _if - »b) "Free" current put in by\

J,=VXM  hence

k wires, solenoids etc.
—

"Bound® current due to

J

E induced or frozen
|l — 7 _magnetic dipoles
VX\@ —M ) = J, ) s
% VXH = J 1
call 0, M = H V.H = ?

A proportionality between M and H is a material property.

B o= wlB+d) %X 1s called susceptibility

0 . oy
Moo= oy w 1s called permeability
B = u(l+y)H ‘Maxwell's equation does NOT tell’
- = you how to distinguish "free" and
B = uH "bound" current. )

-




e . =

Maxwell's equations with £, D, B, H

Consider an insulator, so there are no free charges in the material

D=¢E V.D=0

B=uH V.B =0

Magnetisation and electric polarisation can simultaneously
change. So the "bound" current will result from change in M as

well as P.
o,=P.7 : Thenconsider P— P+ 5P
This change causes some amount of charge to flow 1n/out

00 = 6(7’.1%)&1 hence jp.ga _ 20 _ a—P.éﬂa

Total bound current flow J, = VXM A



Maxwell's equations with £, D, E, H

-

V X B

VBdqu?+ﬁZ”

NN
!’

|

>

woJ

total

Wol J =+

- -

0F
+ GOMOaT




From the Energy point of view

| dT
\ 2 2u,

f(EoEz B’

What happens to : U =

vol

We still expect energy to be a quadratic function of the field strength.

Suppose we change E(x,y,z) by a small amount dE(x,y,z) and ask the
guestion : How much work has been done in the process?

But the question really is "How much work has been done on/by the
free charges?” This is because the '"free charge" is what the
experimenter can control.

Mathematically the "functional derivative" of U w.r.t. E is the answer to
the question. We can show that the function D treated as a function of
E is the answer. It can be taken as a definition of D too.



-

Treat D as a functional derivative
SU = | f(E).SEd (E—>E + OE)

vol

= [ f(E).(-VoV)dn E=-VV]

vol

= [lov V.7 — V.[fov]|dx

vol

= | ovV.fdt —| f.dS
vol surf

Second term — zero if we take the volume large enough such that the
fields have all gone to zero.

First term: identify f(E) = D . Then div D should gives the free charge
density and the expression gives the increase in energy of the free
charges .



—

Treat H as a functional derivative
SU = | f(B).0Bdr (B—>B + 8B)

vol

= fE.VX?dT —ffXEa’§

vol surf

Second term — zero if we take the volume large enough such that the
fields have all gone to zero.

First term identify f = H . Then curl f should gives the free current
density and the expression gives the increase in energy (work done on)
of the free current .



Important to remember about H and B

All currents contribute to curl B, but only the external current
(typically current in wires/coils) contributes to curl H. It is
tempting to say that H is the field that would exist if the
magnetic materials were not put in there. This is NOT in
general correct.

If the sample is long and cylindrical then it is correct, but for
NO other shape. The complete solution, when a sample is
placed in an "initially uniform" field is possible for a sphere and
a few other shapes.

However, the statement "H is the field in a medium® is
WRONG !

In cases where "permanent magnets" are there, it is more
complex. In fact in a permanent magnet H and B may point in
opposite directions.



The expression for linear media

osU = [ID.oE+i oBldx  [fods for

linear or
vol g
N - - - | non-linear
If D=¢ekE and B=uH |medium
\_ J

— f%!bﬁ—l—ﬁéldr ‘A very commonly’

used expression.
But this works

> > > > for linear media
D.E+H.B] only. )




€ and w are in general symmetric tensors

In general € and w are tensors (3x3) matrices

= ;—[EeE.JrHMEI]

Energy conservation in a case with H =const (d° time J

ependance
ou
| (ExH = 0
=~ + V.(ExH)
€;|  OF, G5, -~ 0D B
— | F. -E — F.— = 0
Z]: 2| ot ot az
Zeij——eﬂ OF, _ )
2 ’at 4 ’Gt

=€, =€, (similar proof for w,=u jl-)




What about momentum ?

Viewpoint 1: The speed of light has been slowed down by a
factor of n (the refractive index) .So momentum will REDUCE
by a factor of n, like that of any classical "particle”

Viewpoint 2: The wavelength of light has changed from A to

A/n. So the wavevector (k) must have become LARGER in
magnitude. We know that momentum is proportional to the
wavevector, hence momentum should INCREASE ?



The momentum of light 1n a medium

In most media €,— € but u=u, holds very well

EXB .
— 3:__1 e B €y U, !io — DXB
¢ ¢ " _2E><M_ ? 2E><H
0
\ C C

They are equivalent in vacuum but not in a medium !

Consider the plane monochromatic wave
\

= . 27

E = E X COST(Z—Vt) " E, [PHASE

.  on - Hy = v, |VELOCITY!
H = H,y cos ) (z vt) U /



The momentum of light 1n a medium

1 2
u = 5 EEZ-I-MOHZ = %E02<COSZTH(2—\4>>X2
= 1—€E02 = Nhiow = EO2 = 2N€hm

2
The energy 1s equally distributed in £ and B fields
N 1s the number of photons per unit volume

. S o E 27
<pEM> = <D><B> = EEO‘}—O<coszx—(z—vt)>
E) 1 c 2N |
v 2 1% 2
|c|\NAw Nhaw proposed by
e - M. Minkowski (1908)




The momentum of light 1n a medium

. 1 /= = E 2T
<pEM> = 0_2 ><H> = €, OEOﬁ<cos r(z—v )>
. Ef 1 & 2Nhw 1
v 2 1% 2
€| Nho | [Nhw | proposed by
— \e |1 - = p - Abraham (1909)

description of a medium composed of discrete atoms.

system and write out the expression for total momentum.

\"matching piece" of atomic motion is included.

‘The difference actually points to the limitation of the macroscopic\

At the atomic level the electromagnetic field and atomic motion is
mixed up inseparably. One must consider the EM field + atoms

The "Abraham" or "Minkowski® result makes sense only if the

J




Semiclassically the same question can be asked

Viewpoint 1: The speed of light has been slowed down by a
factor of n (the refractive index) .So momentum will REDUCE
by a factor of n, like that of any classical "particle”

Viewpoint 2: The wavelength of light has changed from A to

A/n. So the wavevector (k) must have become LARGER in
magnitude. We know that momentum is proportional to the
wavevector, hence momentum should INCREASE ?

Question : Can one design an experiment to ask this
question ? Simply immersing a mirror in a "medium" and
measuring recoil does not answer this question — because
atoms of the medium would keep hitting the mirror all the time!



A thought experiment
|
M
I -
7

pulse width < L

E L

|

|

»
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-

"No reflection” condition can
be achieved by making a
graded structure, where the
refractive index varies from 1
to n at the left edge and then
from n to 1 at the right edge.

The block sits on a frictionless
surface.

ke ik | Proposed by

& Balazs (1953)

~

Light pulse (energy E) enters a perfectly transparent
(no reflection) block of some material at t=0 and
leaves the block at t=6t . By how much does the
block move”? Should it go forward or backward?




A thought experiment

The answer depends on the momentum of the pulse when it was
inside the block. Why ?

Pt = Mv + p. Block starts moving when
pulse enters becuase total
Pot—Pin| L+0x momentum  must be \
ox = Y I ‘conserved.

Block stops moving when | |
A pulse leaves because light ‘The position of the leading w
takes away all the momentum edge of the block when

In AE pulse leaves the block.
6 X — pin
Mc\ c

k So measuring the displacement would tell what p;, was ?
Question : Can the block move rigidly on such timescales?



Momentum of light in a medium : references

References for some in-depth discussion.. Notice that the papers are quite
recent compared to how long Maxwell's equations have been around!

Momentum of Light in a Dielectric Medium
Peter W. Milonni and Robert W. Boyd
Advances in Optics and Photonics 2, 519-553 (2010)

Colloquium: Momentum of an electromagnetic wave in dielectric media
Robert N. C. Pfeifer, Timo A. Nieminen, Norman R. Heckenberg,

and Halina Rubinsztein-Dunlop

Reviews of Modern Physics, 79, 1197

Erratum: Colloquium: Momentum of an electromagnetic wave

in dielectric media 79, 1197 (2007) in vol 81 Jan 2009 issue

The enigma of optical momentum in a medium
Stephen M. Barnett and Rodney Loudon
Phil. Trans. R. Soc. A (2010) 368, 927-939

Note: These have a lot of detail and descriptions of the experiments ftried to
answer the question. These are for additional reading (not exam syllabus)



A bit of the microscopic picture
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The lattice & the "free electrons® bouncing around

How the two types of electrons (bound to atoms + free) respond to a
field determine what the dielectric function will be.

In reality "bound"” and "free" are two extremes. There can
intermediates. But this will illustrate two important types of behaviour.



Forced oscillation of the bound electrons

Important : Wavelength is such that kx varies very little over the
length scale of interest. Ok for an atom/molecule & light.....
But not for hard Xray, gamma ray etc!

E = E,cos(kx—wt) ~ iR(EOe_W)
Mx =-bx — kx + qE cos(kx—wt)
( )
~ —Il b k
x(t) = REe ™ <Ly=]\7 & (Dozzj\?;
g | M
X - (0, qz . L
W, —W )—iyw
_ Ng'IM e, -

Ngx, = €,




Getting the dispersion [ w(k )relation ]

NG’ 1 .,
2 2\2 2 2 <

MEO\/((JOO—(D) + Yy

(

e(w) = ¢|1 +

~0 for v K o,

_ _ Yo _ | &I ~
tang = ——— = | ¥ for o =~ w,
W, —W

- for > w,

\

The sign change etc. are characteristic of any resonant response
But to get the dispersion we need to solve
3, . 0K
V°E = €y, 7 wavevector must become complex too
[




Significance of the real and 1imaginary parts of &

E(x,t) = Eoexp[i(k’—l—ik’ ’)x—oot]

rs

= E, e " expli(k'x—wt)]

Refractive index nlw) = % Re (k)
Absorption coefficient a(w) = 2

In reality many resonance are scattered all over the spectrum
for a real material. Since there are various kinds of atoms,
bondings etc that are involved. We cannot write generalised or
explicit solutions any more, but the origin of the variations are
qualitateively explained by forced and moderately damped
vibrations of the bound electrons.



An example of the variation

3.5 T T 1T T T T T TT1T] T T T T TT1T] ]{]1
3.0 - Silica glass (SiO»)
rnry -10°
s | -  n
g 2.5 1 . )
o
2 20-
: |
> 1 II I
= 1.5 - 1 _”]_2
= l
T |
£ 1.0 - |
I
I L 103
0.5 - |
l |
ﬂ II"'* J'J 10—4
T T TT] | | T T T TTT] I ——TTTTT]
107" 10° 10!

Wavelength A/um

Absorption Constant k (A)



When there 1s no restoring force

2
- ng Im ot
ngx(t) = s Ee
—0)—iyw
d (;;62/ —i W -
E(anc(t)) T om —0' —iw/T Ese ™ (YHI/T)
2
-~ _ ng Tt 1 ~ior _ 99 o
J el ) m l—iot Boe 7 = l—ioorEOe

This is the conventional "Drude" expression of the current,
with dissipation set equal to inverse of "relaxation time".

Now the job is to get the total polarisation including the
contribution of the free electrons and the lattice.



Adding free & bound contributions

}N) tot = P free + P bound .
dP, 4 - d P
dt dr et T
EOX(m)(_im)Eo - O(m)Eo T EoXb(m)(_i(’o)Eo
olw) _
e = 100G Y
Plasma fre
ful0) = 7, + i Q) /red
o 2= ne
Etot(w> - & T 1 O((Dm) / P ne,
2
W
— + g P
Etot(m) € L€ o(l/t—iw)

This relation between €(w) and o (w) is used in many forms.



The role of Plasma frequency

2
n2 . Etot . Eb L (Dp
— — | :
o o o(l/t—iw)
—14 16
™~ 10 sec,oop~10 Hz
Electron density Plasma frequency

Nﬂble ITlEtﬁl (]_OEEJFCHIB) (10]5 HZ)
Gold (Au) 5.90 1.40
Silver (Ag) 5.86 1.39
Copper (Cu) 8.47 1.64

The second term will dominate when o <w,

The expression will again become almost real when w>w

Waves will propagate through plasma when w>w , with some loss
But at lower frequencies there can be near perfect reflection



Propagation at normal incidence

X
—~ A ] kZ - .
E] — xE]el( twi) ET _ 5(\: ET el(nkz+mt)
> E, .
H — j\/ ! el(kZ-l—(Dt) a . A ET i(nkz—l—oot)
I - H, = e
cln
.. V®
E - s F i(kz—wt) We assume the form of E and
R —  ALpe then calculate what H must be
E from the Maxwell's equations.
T A R ilkz—wt) :
H, = y—e It can be done otherwise also
C of course.
[ _
E” and H” E,+E, = Ly

are continuous —E+E, =—nk,
\



Calculated from the derived relation...

ER
El
1.0

Reflectivity
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Notice that a good
metal reflects
almost everything
below a critical
frequency. That is
why it is shiny.

The wave rapidly
decays inside the
the region where
there are free
electrons. A metal
and a plasma
behave in similar
ways.

Plasma frequency
of the ionosphere
Is several Mhz

typically



Variation of reflectance with A

1015

: +— Frequency, v (Hz)

0.4
0.3
0.2

Ol

Reflectance R

iy : 3 | | -
500 700 900 1100

Wavelength, A (nm) —

gl

To compare with the last figure notice that the axis here uses
wavelength, not frequency, so the curve is flipped left-right.



Reflection from ionosphere
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Note the very different carrier density. w o Vn



Reflection, refraction, evanescent waves



Reflection and refraction of light at an interface

Consider a boundary between two media 1 and 2

div D =0, — normal component of D must be continuous.

div B = 0, always (so normal component of B is continuous)

curl H has no singularities — tangential component of H is continuous
curl E has no singularities ...tangnetial component of E is continuous

Dy = D, Hence € E; = ¢FE,
By = B,
|| || B| B,
H, = H,; Hence ™ = o,
Bo- E

These boundary conditions govern the reflection and transmission
of electromagnetic waves at an interface and hence the laws of
reflection and refraction (optics)



Why can the frequency not change ?

iax ibx icx
Ae"+Be = Ce V x This  condition
_ _ determines the
Then a = b = C . length of the
setx = 0 . thisgives A + B = C phasors,  which
must be satisfied
at all times
Now draw the three phasors when x#0
Two sides of atraingle aretogether
greater than thethird side Im
. . C B
The equality can only hold if
A, B, Carealong the sameray.. B A
The phase angle also must be same
Re

implies a = b = ¢

Then identify x -t and a,b,c —» ®




The incident reflected and transmitted waves

E, = E,. exp[i(l;z.?—mt)] E, = E, exp[i(lg;.?—oot)]

. kpXE, . . kX¥E, N

B, = —=X exp[i(kR.?’—u)t)] B, = Tv =~ exp!i(kT.?—oot)]
4 2

e

. We are
yA looking at
Nofice h ) the z=0
- - , otice how uni
B plane
E, = £y exp !l< : vectors have been sideways
A = sed to fix the
= kIXEOI uI vo
B = relative
I v, directions
(D:‘k‘v . Hence kv, = kpv, = kv,

k,. r = I;R? = k.7 must hold Yr onthez=0 plane



The laws of reflection and refraction

.

k, = k, = v_2kT in magnitude Xl/y
1 )

k) x+\k, SV = Kp| X+ kR)yy> v ox.y z

ki) x+\k; Y = kp| x+ kT)ny

The coefficients (y,z components) must be equal

- - -

k]. kR X kT — () since two row/columns are identical.

The three vectors are co-planer [Law of reflection and refraction]
In this case it is the x-z plane.

Since | ki| =| kr| and y components are equal, the other (z)
component is exactly reversed.
No other possibility can satisfy all these conditions.



The laws of reflection and refraction

Consider the x component
k,sinO, = k,sinO, = k_smn0,

0, = 0
i, _ v _
Sin 0, V, n,

We haven't really used the boundary conditions so far.
Only their format is sufficient to establish Snell's law !



Now generalise the problem....

Z
\




The s (o) polarisation of the incident ray

k, = k,sin0,y — k,cos8,2 E, = Eu% exp|i(k, F—wt)]
I;R = kgsinO,y + krcosH,z E, = EgX exp[i(ER.?—mt)_
lgT = k,sin0,.y — k,.cos0,z . = EgX exp[i(k}.?—oot)_

- 0H

XE = —u =—

KV "o AJ

- 0E

XH = €——

v Lot

H_’ . EOI( A . A LT > ]
= = cos@ly—l—smelz) expli(k,.7—wt)
Vil ' '
= . EOR A . A LT > |
H, = — (cos@ly—smelz) exp z( I.r—mt)
Vil ' '

g - EOT( "o (T =
;= = cos@Ty—I—smBTz) exp[z(k,.r—wt)]

VoW,




Solve for £, and E . interms of £,

There is no normal component of E — three sets of equations.
Of these one would just reproduce Snell's law
Use the other two to do the job :

E 2u,v,cos0,

E_OI - w,v,cos0, + wu,v,cosf, O
Eor w,v,cos6, — w,v,cos0,

E—OI - W, v,co080; + w,v,cos0;

E 2u,v,cos0,

E—OI - w,v,cost,. + w,v,cos0, T
E w,v,cos, — wu,v,cos0,

E, w,v,cos0, + w,v,coso,



Full transmission of 7 pol : Brewster angle

Incident ray

Reflected ra
(unpolarised) Y

(polarised)

w, = W

O = arctan|—

Refracted ray
(slightly polarised)

https://commons.wikimedia.org/w/index.php?curid=2519325



Reflected and transmitted fractions

Reflected/Transmitted fraction
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Evanescent waves and total internal reflection

— p component
Electric field is in
the plane (yellow)
defined by the
three rays.

- )

ko(ynlsmﬁl—znlcosel

ko, yn sinb,+Zn cosO,

= k,\yn,sin0,—zn,cos0,




The necessity of having evanescent field

In total internal reflection we often say that the reflection is
"complete”

But if E,B, are all zero in the other "rarer" medium it would be
iImpossible to match the boundary condition as we just discussed.

This is true irrespective of which polarisation (s, p) the incident wave
might have.

Thus something must exist in the second medium too!



Evanescent wave

n

In medium 2:sin6T=—1sin6, (n1>n2 : TIRpossible)
n,

ET E_’Toexp[i(konzsinGTy—kOnzcoseTz—oot)]

cos 9.

n,Ccos0;

(21,
N

E - exp[i(konlsinely—konzcosﬁTz—mt)]

1 . 2
+4/1=[—] s1n"0, implies that this will be > 1

n g Total internal reflection
n,

2 Which sign should be

. 2 . 2
iu/nl sin”~0,—n, chosen 2

. (ko\/nlzsinzﬂl—nf)z i(kon1 sinf, y—wt
e

E e

damped as z— —o propagates along y



Evanescent wave

The solution can be used to write E,D and B,H using Maxwell's
equation.

Since we have got solutions in both regions we can match the
boundary conditions. EM boundary conditions must hold irrespective of
whether the reflection is total or partial.

The wave propagates with the same wavevector it had in the other
medium.

For practical values of refractive indices the wave will penetrate for 1-2
wavelengths only.

If a detector or another interface is brought within this distance it will
sense the fields of the evanescent mode.



Evanescent wave

References : D.J. Griffiths, chapter 8 (EM waves)

Wikipedia articles on Frsenel equations and Total internal reflection
are both very good:

https://en.wikipedia.org/wiki/Fresnel equations#Theory

https://en.wikipedia.org/wiki/Total _internal_reflection#Evanescent
wave (qualitative _explanation)



Potential formulation, moving charges
and radiation



1. Potentials and gauge

2. Retarded potential

3. Point dipole and half wave antenna

4. Moving point charge (Leinard Wiechart factor)
5. Uniformly moving point charge

6. Accelerated point charge

/. Brehmstralung and Synchrotron radiation

8. Cerenkov radiation

9. Radiation retardation



The time dependent potential formulation

V.B =0 = B = Vx4 always possible

VxE=—8 = vx|E + %4]|=0
Ot Ot

. 04 .

E A Y =—V V  The potential

V.E=g- = VV+LZ[V.i] = &
O 0

‘The choice div. A = 0 leads to the Possion's equation. Poisson's)
equation has no time dependence into it. This implies that if the
charge density changes, the potential must change instantaneously
at all points. This cannot be correct in dynamic situations.

Q: What condition will relate dependent J and A ? )




The time dependent potential formulation

The choice

- 1 oV
A+
v > Ot

called Lorentz gauge

OF

Wy J +€0Mo§




How to solve this in the Lorentz gauge

) 1oV p
4 2 a1 €,
Use the Fourier transform method
oo \
- 1 ~ (= —iwt
t) = d - 2 . ~
p(f' ) 27_[:[ p( ) W sz 4 &V :_p_
oooo > = Cz EO
V(7:t> - Lﬁf _lwtd(x) =—3
S |
Now solve for the Green's function No  theta or  phi

. 2 N _  |dependence because we
VZG(?,r’)+w—2G(7,r’):—6(?—r’) expect the solution to

C depend on the distance
spherical polar with ~ R=[7—r"| Jfrom the source only Y
» 110 20 1 5 0 1 &
= R ~— |+ 0
V R2 OR ( OR ) sin O 00 sin 00 Sln26 aq)z




How to solve this in the Lorentz gauge

d°G 2.dG
2 QG = 0 (R#0)
dR R dR C‘ p N
J 5 To fix the constant A, need to
W _ iIntegrate both sides over a small
dR2 <GR>+62 GR 0 sphere centered at R=0, with the
delta fn in RHS )
G — éeil((ﬂ/C)R
R As R—0
S —
GNél_lU—)R I(DRzi G ~A4
R C 2 cz R
2 (Dz — -
f dt(V'G + = G =—f dtd(7—r')
small small
sphere sphere




The retarded/advanced potential

4n|F—r]
V(F.1) —fdr’;l—?eim(b(’z(’)m) :4T[|;_;’| xilwlc)[F—r"
l 4;eofdtr|?—lf'|czir? a0 e
T Kt - G
) 4Ti€0fdrr|?—1;' p(;”ti;_j’)

The retarded time arises naturally in Lorenz gauge solutions. It is not
put in by some other considerations!




The retarded/advanced potential

The solution for A will have similar dependence on J, component by
component.

The solution appears to say that the "information" about a change of
charge at r' reaches the point r with speed c. This is an attractive
physical interpretation — but works only for the potentials.

By the same logic, one might try to "retard" the solution for E and B
and obtain the time dependent solution — IT DOESN'T WORKI

The actual E and B must be obtained by differentiating the potentials
and they look very different. They may no longer fall off as 1/r*2

The "retarded" integral for the potentials is often non-trivial to do.

However everything about "radiation” is contained in that retarded
potential term!



Radiation

The most important consequence of certain time varying charge and
current configurations is radiation. A part of the E and B fields fall off
as 1/r — a strikingly different behaviour.

These means that the Poynting vector integrated over a spherical
surface may give a constant value as the r dependence of E x B and
the surface area would cancel each other.

This outward energy flow is radiation from a source like a radio
antenna or something else, like an accelerated charge.

The complete E and B fields created by an antenna/accelerating
charge can be quite complicated. It is only one part that has the 1/r
dependence. However this is the term which we would need to
consider for calculating radiation.

The part of the field that falls off as 1/r is called the radiation field.



An oscillating (short) dipole

- L g,cos(mt) Overall electrically neutral
2 27[0
T[——qomsm(mt) small size [
[
Z’:_E —qocos(oot) far field l<<|7‘|
=) N
COSW|f— COSW| f—
V(F,t) = 10 \ _ — . ¢
4me | F—ki/2] Fkl2] ]
12 1= B
A(fg) = Mo I(z' t=|F—kz"lle)
“ 4T[ —1/2 |7’:_kZ’
/
~ MO—l—sinoo(t—m) where I=—q,w
4t r C

No moving or accelerating charges in this...



An oscillating (short) dipole

_moving/accelerating charges. We will do t

‘Question: Why did we not model the "oscillating\
dipole" as two charged balls on a spring ? This
must give the same answer but wi
calculating the retarded potentials and fie

| Involve
ds due to

nat later. )

First we need to approximate the distances involved

|-I-

ek

k112]

Use these two to approximate V (7, ¢)

I-I-

k112]

X




The scalar potential with time variation

V(7,t) =

]

The first term (~ —

F—k1/2)
COSW| —
90 &
4me |7;—/A€l/2|

Use binomial and small angle approximation

q,lcos0

[

dme,r
]

r

The second term (w#0)
T'his gives rise to the radiation term as

v

—COS W

|

v
f——
C

|

W

C

falls off slowly

)_

F4k1/2)
COSW| f—
C
F4+k1]2)

sinm(

' — OO

r
f——
C

|

will reduce to electrostatic dipole as w—0




Is the gauge condition satisfied ?

~ 1 oV
Lorenz gauge: V.4 + — =0
c- Ot
lcos [
VI(F,t) = To” 20 l—cosw(t—r—) — —smu)( l)
dne,r |r C C
oV golcosO | 1 r o
— = ——m sinw|t—| — —cosoo —
ot 4dme,r r c c
1
A(7,t) = %ésmw(t—i—) A\Where [=—qg,w
0 A Al '
- S —l—ismm —— |+ L coso|t—— || -=
Oz *| 4me, ror c| r c|\ r

. Z . . .
Since —=cos0, the two expressions are 1dentical
r

We could have used this to calculate V (7,¢) from A(7,t)




Calculating £ and B from J and A4
€. ré€, rsin6 €,
B = 1= ! 0 0 0
B=Vxd = 7 sin O or 00 0 ¢
A_cos® —rA_smnb 0
B = 0
B, = 0
1
B, = Ho” L Ging (’lcosm(t—l + l—sinm(t—i)
4 r C % y c |
There 1s one term which falls off as ~ L
r
E i
Bcpzuo—l—sinﬁ Qcosm(t—l)
4t r C c)




Calculating E and B from V and 4

-

E=-vr-94

ot
E. = glcos@2 lcosm(t—ﬁ) — (&sinm(t—ﬁ)
dte,r |7 & & &

. ] 2 il

Ly = qlsm62 (1 ) V)cosm(t r) (Dsinm(t—l)
are”|\r e c| ¢ c

E, = 0

Only component that falls off as L :

r

5 .
Ey = 4! smnb cosoo(t—r—)

4T[E0027’ C




Power radiated by the dipole

1

Consider S=— EXB overa sphere

Wo

with R/—> 00

We only need to consider EOlIPNeXpressions
] > 6ind ) - are equivalent.
4" w
E, =-— {——
" dte, > r COS(D( c) ? They show two
] 2w I different ways of
B, S Slnec:osoo t—l) > viewing the source
4t ¢ 7 ¢ of radiation.
T R’ .
ﬁS.da = WJ"EGB(,@T(smGdG Either as a dipole
R or as a '"current
_ o SR R element" of an
T bne O W COS t_c_ antenna.
0
T (¢l o' 2 W(z )2102
radiated 4 T EO 3C3 3 EO 7\ 2




Radiation pattern and antenna impedance

No intensity along the axis.

Maximum intensity on the

P77 7NN, | ool piane
NS

In the polar plot the radial
distance is the magnitude of
the quantity at a certain
angle.

CC BY-SA 3.0, https://commons.wikimedia.org/w/index.php?curid=1085864

‘The far field pattern tells us how much the dipole is radiating.

The near field pattern will be necessary if we want to calculate the
effect of one dipole on another nearby dipole. (i.e. How would two
.antennas interfere, etc. ?) )




Radiation pattern and antenna impedance

I
2

P 1 (gl e*  2nm M_O(l
< mdiated>_4neo 303 o 3 EO N

Radiated power = Real part of Impedance X r.m.s. current
The quantity \/ €—0~377 () sets the impedance scale

This 1s called the Radiation resistance of an antenna
This does NOT tell us the reactive part of the impedenance.
Also the result is correct only for /<K<A

2D’
-—_——- - — -
Antenna dimension A
b Reactive near field = Radiative near field Far field

D 3
N keeps changing

< > D3 Wavefront shape (Fraunhofter)
~0.62




The half wave dipole

The short dipole result will not hold unless /<< A..
[=A/2 1s a common configuration called a half wave antenna.

But setting ZX:;_ in the earlier formula won't work!

Also : If /=A IT WILL NOT RADIATE AT ALL! Why?
For [>A/2 some parts will start having oppposite currents....

Yagi
D'ipﬂl.E FﬂldEd-dipﬂlE Reflector wwew. axplainthatstuff_com

Variants of the dipole antenna.



The half wave dipole

Current Maximum (Node)

.

Feedpoint

.h%lhﬁh

Voltage Minimum (Loop) —/

- 172 wavelength —

The "short" dipole that we analyzed can be used to build up a
solution, if we know the current at each point of the dipole.

However the current at each point must be consistent with the "near
field" produced by the other parts.

This makes the "exact" solution a difficult self-consistent problem.

We generally assume a reasonable current pattern that goes to zero
at the ends and is maximum at the feed-point.

It so happens that the "numerically exact” solution agree quite closely
‘with the result from the profile shown.




The half wave dipole

small dipole result derived earlier
, .
Ey, = — ! 002 Smecosm(i—ﬁ)
4te, c= r C
_ / A __1_A\
R = p— 0 VAR
\1 r—z'cos ( <7 4)
[ — dz’ [,=—qw
. 21z’
I(z',t) = Iosmu)tcos( T;Z )
Far field due to a segment between z' to z'+dz’
[ sin 0 R 2z’
dEy = - ) O cosw|t—=—|cos N dz'
\4]‘[606 R ¢ C_
I, si /
dB, = HoZo |00 o[ 1= & cos(znz )dz’
47t | | R c c A




The half wave dipole

 2nz' , :
u = x R=r—2z'cosB (change variables)
/2
1 R
K = —cCcosw|t—— |cosudu
—7t/2 ¢
/2 ]
| r ,
~ — | cos|w|t—=|+ucosO |cosudu (r >z')
r—n/2 ¢

/2
1 an
= —cosw|f—— f cos(ucos 0)cosudu +
r S -

/2
| r\
—sinw|t—— f sin(u cos0)cosudu
r C ) a2

2 ( r)cos(rt/2cos@)

K = —cosw|t——

. 2
r C sin~ 0



The half wave dipole

/ I
E, = L 0 Neosals—" cos(n{Zcos@)
dmec 2TECT C sin O
1 I
B, = Wo Lo K _ [ HYoto coswl =" COS(T[{ZCOSG)
4 1t 21 c sin O

Integrating the Poynting vector over a large sphere

<Pmdiated> - 1 Mo] f(cos n/2cose)\2

sin O )
I,
2

This approximately 75 Ohms impedance is often encountered
in dealing with cables connecting antennas to amplifiers etc.
What is the reason ? [Discuss later]

sin 0d 6

= 73 (ohms)X




Magnetic dipole radiation

We saw that an oscillating electric dipole radiates. A natural
question is what does an oscillating magnetic dipole do ?

z B Such a current will
[=1,coswt produce  no  electric
potential. Why ?
- Y

The loop area — 0O
/ > m = | x area = constant
A Q: Does it satisfy the Lorenz gauge?
Does it give the correct static limit ?

The solution
V(F,t) = 0

. m | s | -
A(7,t) = R IsmO WL sl =1 |~ gin o =L €,
47 r r c| c C

No Radiation Radiation




Magnetic dipole radiation

The far field
E = —04 = uOmwz sin 0 COS D t—ﬁ €
ot 4dmtce 4 c|®
. - —u,mw’ [ sin O .
B = VXA = : cosm|t—— |€,
4 v C
1 mo
The radiated power P . —
pow < radzated> 4T[EO 305

This power 1s small in comparison to an electric dipole of similar size
with /,—»gqw and Tmwa—d

where a 1s the radius of the current loop and d the dipole length



Potential due to a moving point charge

Since
v = — [dv Lol ti|7_;’|
41e, 7—r'] C
One might think that for a point charge
Vi(r,t) = 1 = L
4T[E0 | r—r ’ret|
where 7 ' 18 the vector to the retarded position
THIS HOWEVER IS WRONG !!

Why it is wrong and what the correct form is was figured out around
1901-02 only a couple of years before the special theory of relativity
was published! The reason is quite non-trivial.....



A line charge moving along x axis

— ‘

Point where we want to

/ g

O=LA\ calculate the potential
att=0
. —
X, X,+ L
Source co-ordinates
are primed.
p(x’') = AO(x'—x,")X0O(x,"+L—x")
X, = A+ ut
o(x",t) = AO(x'—A—ut)XO(A+L+ut—x")
X
[ = 1

C



A line charge moving along x axis

p(x',t) = AO|x'—A—u t—|x | XO| A+ L +u. z‘—|x |)—x’
C C
= 7O x'(l—z — A—ut |X© A+L+ut—x'(1—ﬁ)
C C

{In our drawing X' < 0 so the sign of x' and
its absolute value |x'| will be opposite

The function 1s non-zero if both the following are met
\

x' > fjuu/tc The length over which 1t 1s non-zero 1s
>
, A+ L+ut L NOT L
x' < 1—ulc
1—ulc

No change 1n the linear density A : Also correctas L—0
[Note . The factor u/c has NO connection with special relativity )




Point charge : L — 0 limit of a line charge

p#0 oﬁly‘for> <x'< -<—

_ 1 L
dme, \1—ulc



The retarded position

V(0,0)= L 2 1s not very useful

4me, A
The constant A 1s arbitrary and shouldn't be there....
\
x'(t) = A+ut,
v(e) = x(t,) =
t = - " 1-ulc
<

So the expression for ¥ (0,¢ )can be written as

R L \l—u/cQ 1 0 !
V(O’t)_4T[Eo l—ulc) A L24“€0(1_M/C)x’(t”)

'Notice that we have got an expression for the potential of a)
moving point charge for a very restricted situation. We now
need to generalise this for a charge moving in any given
rajectory.

J




Point charge 1n arbitrary motion

The generalisation can be done in mutliple ways. One way is
to emphasize the origin of the (1-u/c) factor as resulting from
an apparent change in the volume over which the source
coordinate integration has a non-zero integrand.

Another way is to hide that by using a delta-function trick. We
will see both.

The resulting expressions are called the Lienard-Wiechart
potentials — one of the most remarkable results of classical
electromagnetism (these were derived about 5 years before
the special theory of relativity).

We will see that the results we get (though it is quite long
drawn) are exactly the same that Lorentz transformation to a
moving frame would give.



Problem : Given 7 and ¢ how to find ¢ =¢t—A¢?

Equation of the trajectory r (¢) must be known
=at t— At the particle was at »'(t—At)
=7F—r'(t=At)|| = |c At

-

2
F=r'(t,)] = clt—t,)

The length from the point of observation to the retarded position
must have been "traversed by light" (but this is not real light!!) in
the |time interval (current time — retarded time)

The equation gives the retarded time implicitly. Usually the
algebraic equation involves squaring both sides.. often making
it a messy quadratic to solve !

Solve for retarded time — find retarded position — calculate the
position vector from observation point to retarded position.



For a fixed path only one retarded position 1s possible...

71

s =The minimum arc length from 7,’ to 7’
s+elt—t,)>clt—t,) At =|t,—t

two sides of a triangle must be greater than the third side
> 5=|v, |Al,> AL =y, [>c

Having two retarded points on the trajectory is not possible.
It would require the particle to move faster than ¢



Another way of doing this.....

Trajectory of point charge : 7(¢ )

In this case we assume
that it is a point charge,
right from the beginning.




Another way of doing this.....

The meaning of the integral has to be understood clearly.

We chose a t' first — for a choice of t' the trajectory gives one
position r(t') — For this position calculate the retarded time that

appears in the delta function. The quantity that appears in the
argument of the delta function is itself a function of t'.

S(t7—t7) = t’—(z 7"7'“')) _o(£ (")

o(x—x,)
(%))

The sum runs over all zeros of  f(x)

Now use the fact that o (f (x))= Z

But there is only one "point" that can contribute to the integral at

the end (we just proved it earlier). But that point will still "stretch
out" due to the motion of the charge



Another way of doing this.....

6 f’_t "__'r
6(1'—t’,,)=a( ) where ¢ '=¢ =7
(t'=1,") )
ot'
%, . 1 1 NOx' \ O
Sl = e e ) 3y 8
5
- - R where R = -
C |7—r'

Here R, and v must be evaluated at the retarded time t
\

<

< 1

. we can skip the overall modulus sign

1S a unit vector

> O

)




The Lienard-Wiechart potential

V(7,t)

(7.1)

/

\

q . L
4T[€O>1—|_§,1§r/Rr

¢ [B) 1 |1
4HEO\C/\1—B,1QF/RF
ﬂ(61\7)/ - |
4 7t 1—I3-R,,/Rr




Point charge in uniform motion along z axis

(0,y,z)

Strategy:. determine the
retarded time using the
third egn — Then use
that in the first two
equations —  Subtract
second egn from the
first egn

y pos1t10n to point of observation

R

r

V(7 ,t)=

1s the unit vector along R

q

1

4me, (I—B.

R. is the vector from the retarded

R|R

To determine the denominator
in terms of y, z,¢ variables only

c(t—t.)

~(z—z,")
C

(Z—vt,,)z—l—y

2

Blz—vt,)



Point charge 1n uniform motion along z axis

(ct—p z)—V(z—ve )+ y*(1-p) Whyhavewe
l—ﬁz sign only ?
B(z—ve)+(z—vt)+y" (1-p)
1—p°

cli—t,) =

vt

r

B(z—vt)+p(z—w ) +y* (1-p)

2
I ﬁ For t=0, we must get 7. <0
> > > OR take 3 —0 then
\/( zZ—Vl ) Ty ( 1 — B ) match with the expected result

q 1
4y (z—ve P+ 32 (1—p)

—

V -
—ZV(I’,t)
C




Uniformly moving point charge : E and B

Using the rotational symmetry about 2z axis
The expressions can be easily generalised to

V(;;’t) B . 2 12 2 2
A€oz —wi) +(x+57) (1=

AF,1) = SV(F.e)
C

We now need to calculate the fields

Ez—VV—gTA and B=VXx 4

Since 4 and v (constant) point in the same direction

B=Vx|5V(F.1)|=—5xVV=5x F+94 S

C C C ot C

X E



Uniformly moving point charge : E and B

q |

Ares \(z—ve P+(x+ 1) (1—B2)
q x(1-p)

A ((z—ye P (P ) (1-p7))
q y(1-p°)

A ((z—ve P (74 ) (1))
q (z—vt)

3/2

A€ ((z—ve P+ (x*+ ) (1-2)
Since A4 || v only 4. exists
q B*(z—vt)

3/2

ATE ((z—ve P4 (x2+ %) (1-B7)

g

v
C



Uniformly moving point charge : E and B

E

X

E

y

oy g x(1-p°)
/
Ox 41e, ((Z—vt)2+(x2—|— 2)(1_[32))3 2
oV~ g y(1-p)
312
oy T [(z—f 42 +57) (1-B7)
Loy o4. g (1-B°)(z—wt)
o= o o[ (zmvef () (1)
GEs
¢ ¢t 1S the current time, NOT retarded time
ﬁE x The inverse square nature of £ 1s preserved.
C B revolves round z axis as expected.




Uniformly moving point charge : E and B

(O’ . Z) R — connects the observer to
the CURRENT position
of the charge
Y 6 — isthe angle between
R and ¥
R = x?—l—y}'—l—(z—vt)/}

Another way of writing the result
> q )\ R |
E = (1-p")
4re, R3 (l—ﬁz Sin26)3/2
E remains radial
but 1s weakened 1n forward and backward directions




The forward and transverse directions

0.50n

[E(O)/E(0)]

0 4.00x

0.00n

1.50n



The forward and transverse directions

[E(O)E(0)]

4.0 -
35 -
30
25 -
Dl
15 -
130
05 -

05 -
1.0 -
15 -
2.0 -
5tk o2
3.0 -
35 -

4.0 -

00n

0.50n

0.75n \ 0.257
1.25n \, 1.75n

1.50m

0.00m



The forward and transverse directions

[E(6)/E(0)]

0.50m

0.25n

0.00n

& b £ - x &
¥ - L4 2 ot i
7 o """-lj._.._ _._4.\.1""' L =
Wogaiz. . -
R o
et S i o .
el Eae

1.50m

1.75m



The consistency with special relativity

If we observe the charge from its rest frame, then E must be the'
Coulomb field and B must be zero.

Suppose we go to another intertial frame moving with velocity v.
How would the E and B in these two frames (due to the same
point charge) be connected? We should be able to apply Lorentz
transformation to E = 1/r*2 and B =0 fields and obtain the

anNSwer.

The result obtained from Lorentz transformation agrees
exactly with the results we deduced from the Lienard-
Wiechart potentials.

This is remarkable — it works because special relativity is "built-
IN" In Maxwell's equations. The results we obtain will always be

_.consistent with special relativity. y




Accelerated point charge : E and B

E and B fields of an accelerated point charge
1s one of the key problems of electrodynamics.
MESSY problem :EIGHT variables and their derivatives!

We evaluate the field at (x, y, z,¢)is the point [F=(x,y, z)]

(x',y',z",¢t.) is the retarded position and retarded time

)7 r

R =7—r"' is another notation we will use
c(t=t,)=R,=\(x—x "V +(y—y ') +(z—z")

NOTE : The relevant velocity of the charge 1s :

or' or'
- and not 3

r

V=




Framing the problem

/ \
V(?,t) _ q _}1 | _ qc _} _ |
4T[€0 ) Rr 4T[€O c—V. R Rr
l—— R, r
o
N Y Expression for V will have
A7, t) = — V(7,t) x,y,z,t, and x',y',z' and t_r
C
( -
- 0 A4
o E = ———
We need dertvatives wrt. x, vy, z, ¢ vV Ot
B = Vx4

THINK: In general we CANNOT eliminate (x', y', z", t’

‘We will frequently encounter derivatives of the retarded velocity\
& position w.r.t the current time and position. How do we do
these ? We need to sort these out first!

J




Derivatives of the retarded variables
c(t—1,) = R=\(x—x"V+(y—p Pt+(z—z")

ot OR
. r _ r . _ R
“ox ox cVi=VR,
aRr 1 Gx’al,, 8);’81‘,,
= | (x—x")|1- +(y—y")|- +
0 x R (x=x )( ot ax) =y )( ot Ox
(smen| 2222
=N or ox
N ot, N NECIA
- A (x—x )(l—vxa—x +(y—y )(—vya—x +(z—z )(_vzﬁx)
8tr B (x—x') \_;]_ér Gtr
“ox R, R, Ox
R R
Vi = _ler — : — = —————T— . DR(I)
‘ Gi=To ki CI—Z.RF
c




Derivatives of the retarded variables

t—1,) = R=\(x—x'P+(y—y'P+(z—z')
[ ot 1 Ox’ 0y 6
Y oz' |01
1_ — i At L ! L !
o R (x x)at,, [y y)at,, (22 )az,, lo:
ot CR
at’” — L = E ...... DR(2)
cR—v.R 1_K°]ér
C
OR, ot,| V. R, DR(3)
Ot ‘ Ot "R ~v.R,
V. R ot
— V_} ’ — —V. R a” ...... DR(4)
1-Y R t
C




Derivatives of the retarded variables

0 (- B _ O ' ' '
G_x(V'R”) = a[vx(x—x )—I—vy(y—y J+v_ (z—2z )]
B 6vx6t,,( ’) N | axrﬁf,, N
"ot ax ) T e o
ov, Ot ov' Ot
y r ! 1 . y r +
Ot Ox =y + v, ot 9y
8\/2(%,,( B ,) _6z'afr
or. ox 7 "=\ ot ox
. =\0t, ,0t,
= (a R,,) + v. — v
X 0 X
V(v.R) =[a.B - V[Ve + 5 s DR(5)
o(3.8) = lap - 2% L
Py (v R,,) = |la.R. — v Py DR (6)




Derivatives of the retarded variables

ov,
yka
ov, Ot,
a1, dx,

N Eifk“k(vt’”)j
Vxv = Vi Xa
using --- DR(1)

(VX?)Z. = ¢

-

R
VXV = X4 =
v
"

R—— R R—




Now we can get what we want....

V(F,t) =

VvV =

Using ---DR(1) and

q

/

\1

4 me,

q

4 me,

R —

T/ 2
~.R

R(S)

<




Now we can get what we want....

g v o\t g v 1)
4T[EO CZ 1_2 ]é Rr 4T[€OC C_T}-}ér Rr
o) |
o4 _ L (ev (o), g ¥ ol 1 ]
Ot c*\0t, ]\ot 4me, c* Ot Rr—z-ﬁr
C
a ot v OR .
= Lyl 4 1 10 (V.R)
¢t \0t dme, ¢ v ot coOt

c
The derivatives have been done in ---DR(2)---DR(3)--- DR(6)



Finally E and B

y 1 - =0 = R > 4.R,

ey S C C 3 -

"WrR-L R | \° R-L R © ¢
C C
1 5 R > G.R

vy = 4the = | cK - |t

0 R,,—K.]_ér R ZR C C

C C

IMPORTANT : The terms associated with acceleration fall off as 1/R.
Notice that there are similar looking groups of terms

A —

B (7 ) -(1—[32)(1@—[3) | Rx(}? [3)><
| (1.4 R | AR

3 » 5
Coulombf Radlatlonf




Finally E and B

| N
— C_zl(VxV)V—l—(VV)Xv] ------ use DR(7)
vV axR, v
=5+ (VV)XC_Z Only this part
R—;. R, can contribute
y R > 4.R
vy = 1 1 L ’” - 4L
4me Y *lc v ’ ?
0 R—Z R R—X.E ¢ ¢
7 C- r r C r
B(7,1) = L _axR 1R l—v2 +a'R’”
) 4]'[606‘ Cz ‘_; R 2 C ; N 3 CZ C2
R ——.R, R—— R
C C




Finally E and B

We will now try to separate out the parts that depend on
velocity and accelaration. For the E field, there were three
parts — static Coulomb, velocity dependent only and then a
part that depends on acceleration. For B there is no static part,
since a charge at rest does not produce a magnetic field.

- > 4.R alc
3 2 Y Al alc
4T[EOC vV o 3 (32 cz v - 2
R-Y R R-Y R
c c
dme,c (1_[3 Iér)3Rr3 % c (I—E-ér)erz




Finally E and B

B

B 1 A - 2 Eﬁr B o D
— 4T[qEOC (1_[‘3’.}%?)3}{?2 R,,X — B 1_6 + C Bl ;(R,,_B Rr)
1 s o= A - A S S
N 4th€00 (I—B.ﬁr)3R,,2 R, __B(l_ﬁ )—I_Z{ﬁ(ﬁ R,,)—ﬁ(ﬁ.R,,)—ﬁRr]]

We can add terms proportional to R inside the brackets, since the
cross product will give zero. Utilise this to complete the Coulomb
and Radiation terms

1 , s :
" e[ are AP

B3 2 )-8l & )5+ (2 B
g Rx (R0 o RX(RBPE| RS
47[600(1_[3’.]@)3 R’ % R, c




Finally E and B

E(? l‘) _ q -(1_32)(ér_§) I ]érX(}ér—E)XE
| el [1-p.RJ R c[1-B.R[R,
B(F 1) = i—zé,,xfz

We see the static + velocity + acceleration dependent parts clearly.
Notice that the radiation field exists only if the charge accelerates.
Allows immediate calculation of the Poynting vector at large R.
How much does an accelarating point charge radiate?

An accelerating charge must be losing energy continuously!



Radiation: the far field E X B

The E & B fields are complicated when they are considered in totality.
However to understand how much radiation is there we only need to
consider the ~1/r terms and calculate the Poynting vector.

s - Lixpel pu|Bsi
MO M C
1 A —_ —_ - —_ A
- —|R(E.E)-E(E.R,||
cU, |
But the radiation field 1s directed along Iérx (ﬁr—ﬁ)xﬁ
N | |
3137”l;ma’iationzo & Sma’ial:—lzvzz_l;2
cUu, /

~377() 1s the vacuum impedance (recall antenna...)

Do not confuse radiation field with radial component of the field !



Radiation: snnphfymg the far field EXB

>U>

Rx(R,

B JxB—

\

I,

~>

~

>

~
Rl OO

if §||[3
B <

X
X 1f <1

X
X

\Fu >
~>

Either velocity and acceleration are parallel
velocity 1s very small/charge at rest at (retarded) instant

|1’§,/><(1’§,,—[_3>)><[_3>|=['3sin@=2 sin O
C

In these cases

Jjeel

~>

B’:Z and y=
C

Standard notation

J1-p>




Motion 1n a straight line

2 A g A -
AP 1-p’)(R,~B] R P
r, 4 S 3 3 |
o [1-B.R )R> cl1- R
r 2 _ q gl Bsin 6
| radiati0n| 4 3
Iy Rr(l—ﬁCOSG)
The radiated power
dP = S’°R’sin0d0d¢o = S°R°dQ
dP  _ S| ¢ dl Bsine -2: q )2 0
d {2 \/“0 47[600) (1—Bcosb| (16 7 €4C /16)

The angular

dependence of the

radiation depends on

the

acceleration. The maximum will occur at angles determined by the

acceleration.




The radiation pattern
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Energy loss rate due to radiation

The radiated power was measured by integrating over a large

sphere at time t. This is NOT the loss rate of the accelerating
particle.

0 W passes through the spherical surface in time 0¢
But this was radiated by the charge between ¢, and o¢,

ot, cR. ]
Y = - = e DR(2)
cR —V.R, I—K.R,,
C
P _ oW _ oW ot
' ot, ot 0t,

dpP, :\/eo g V[ psino |
d Q) Holdme,c (1—[3C086)3




Energy loss rate due to radiation
Completing the integral

2 2 y s
Ptotal — 1 2q = 1+B_ y6 1 ﬁXB
4 T EO 3 (33 B
Larmor Lienard-Wiechart

This radiation is the classical "Brehmsstralung” . The result does
not say what the frequency distribution of the radiation is going to
be. However the classical Brehmstralung has a flat frequency
distribution upto a certain critical frequency.

Hitting a metal target with fast beam of electrons causes the
electrons to decelerate rapidly. The energy is given off (partly) as
X-ray with a continous spectrum. The characteristic X-ray lines

(like Cu-Ko etc) arise from atomic transitions and are NOT
brenmsstralung.



Circular motion : Synchrotron radiation

In circular motion (like an electron in a cyclotron) acceleration and
velocity are perpendicular :

To ensure that the instantaneous motion is along z, we can take
the orbit to be Iin the x-z plane, so that acceleration is
instantaneously along x. (simplifies the algebra a bit!)

z -
Evaluate
Z‘fT; 4 . N s\ 3
\ -
Yo N Rx(R—B|xp
| /
\ /07{ - o VA —.> a/:
\ ﬁ — —k ﬁ: — 1
% %

X U
Sin Gcosq)?—l—sinﬂsinq)}'—kcosel}

>
|



Circular motion : Synchrotron radiation

dP(t,,) 1 q2a2 (1—[3 cos@)z—(l—ﬁz)sinzﬁcoszq)
d () Amney 4nc (1—Bcos6]
Radiation peaks 1n a direction normal to the acceleration

That means 1t 1s along the velocity

{electrnn beam

1 2q°a’ 4
q Y bending
storage magnet

P =
rad 4me, 3¢°

ring

Continuous freq distribution

cutoff at cyclotron frequency

. eB |
determined by w, =——
m synchrotron

radiation



Spectrum of synchrotron radiation

o
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e

photon used In
photoemission spectroscopy

|[deal source of 10-100 eV

IJTITII T hTIIiIlI | T rlllH]

PHOTONS sec”! mrad™! mA~! (10% bandwidth)™!

IO” Ee = 1.5 GeV
- Synchrotron radiation IS
. strongly polarized but not
completely polarized
100 IR T L s il TR | v
0.00 0.0l 0.l | 10 100

PHOTON ENERGY (KeV)

J.D. Jackson, 'Classical Electrodynamics”, CC BY 2.5,

https://commons.wikimedia.org/w/index.php?curid=15592425



Fourier components of the potential

1 O’V - 18°4 .
Vv — =——= & V4 - =W,
ot o 2ot ’

In this the speed ¢ has no special significance

With €,—e u=n, c—cln n 1s the refractive index

The mathematical form of the solutions will be the same .... \

7(7.0) - fdr’(i)(i’w)-
fdt |

N

~

-
|

4T[E

! I The Lienard-Wiechart factor can now
VoA v « diverge because the speed of a particle
- c CAN be greater than c/n in a medium.




Fourier components of the potential

So far we have written explicit times dependent expressions for E
and B. But this is often not useful or necessary. Since we are
dealing with waves and radiation, the problems are often better
handled in terms of the Fourier component.

We often ask questions like how much power is radiated within a
spectral band f to f+df for example.

If we retain the first expression (in terms of angular frequency only,
we almost do not need to talk about "retarded time" because the
integrals will be over space. Solutions for V and A will be similar,
becuase the basic equations are similar.

The divergence of the Lienard-Wiechart will happen only at a specific
angle! The consequence is that a charge moving with a constant
velocity in a medium with a speed greater than c/n can radiate at that
specific angle. This radiation is called the Cerenkov radiation.



Important equations 1n Fourier language
Continuity

- 0 .
Vi+2 = 0 = V' .j(o)-iwplo)

Lorenz gauge

\vap Tl

|
-

; 0 = V.4(0)-i%¥V(w) = 0
c- Ot C

Notice the differentiation in the first equation. The divergence of the
current muct be calculated w.r.t. The source co-ordinates (primed). All
the other derivatives are w.r.t the observation point.

The continuity equation ensures that the the charge density and
current cannot vary in an arbitrary way. This must always be ensured.

The standard derivates to get the E and B fields from V and A can now
be carried out....



Important equations 1n Fourier language

= 1 - 7”—77' ik |F—r"|
E — / — /
(7, o) i, fp(r ’(D)|?—r'|3e dT
ORY Al AR | i
k ", = — —d 1’
k:@ l f (7 )|?—r’| C |7 =7
C
= Ko _]t(”_»"m)x(?}_;') ik |F—r"]
B = = —
(7, o) i f o dT
(T (»_ *,) .
lkJ‘J<’” ’(D)X_»r r kl7=r"| g
7—r'|"

Can you recover the simplest "static" solutions ?

Which terms would give radiation ? Can you calculate E x B ?

What could be the advantage of writing it this way?




Important equations 1n Fourier language

We now take the usual route of using the 1/r part of E and B to
calculate the Poynting vector and the radiated power. The calculations
do not have retarded time explicitly but are still quite long......The final
result is very useful ! The additional information we extract from it is
the spectral dependence of the radiation.

-

Define k=2 ‘i—r_»" & dQ solid angle along/_é
C V_I’"

dU(w) , 1 W | IR )

d Q) dm_ﬁ € f(](w)Xk)ek‘ dt'| dw

The integral runs over source co-ordinates only



The C erenkov contribution

(0,y,z) The charge moves with uniform
> Vs . .

velocity along z axis. We saw before
that it does NOT radiate. There is no
acceleration.

Things change if the region is partly

filed with a material of refractive
index (n) between-L<z<L

)0 (y')o(z"—vt)
)8 (y')o(z"—vt

= gvzd(x")d(y’ )e’wz’/v

— gd(x)a(y)e s

Z(Dtdt

/)
L



Evaluating the C erenkov contribution

- =

-

o) = [[Flo)xke ™ dx

= €, fsin@ 5(x")8(y")e" """ x
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Lo C
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Evaluating the C erenkov contribution

dU () R N T P -\ g The extra factor of n
dQ do = drn Vo f(f(‘”)Xk)e dt'|" 40 oecounts for the index
of the medium.
1 Mo
U = I *d O
() e | 11(0)
[ 12
. (wLlp
1 [ g’n’v (20 ? i N
_ 0 .2
e ( S )27[fsm6 o Lp d(cos0)
v
2
delta-fn like term = sin’0 ~ 1— 52 also d(cos@)zidp: ¢ d W Lp
nv nv nw L V




Evaluating the C erenkov contribution

1 Wy g*nv 2oL\ ¢’ c
U = — 1 — NEEE
<(D) 2 €o cz % n2v2 nwl
. "
sin ©Lp
N
f d w Lp
w Lp 1%
1%

Let L — oo, since contrib comes from a small region only

o - 2
So We can use > 2x dx=T
LA
) 2 2 . .
@ do = == q2 (1— 2c > )u) dw oo radiated per unit length
€,C nv

Rewrite the expression in terms of quanta/unit length

2
AN , = _ a(l_gz)dw ...... —
nywy




Evaluating the C erenkov contribution

cCosO=—
nv

Pic: Argonne National Lab (high speed
electrons in water surrounding a nuclear
reactor core)



Radiation reaction

An accelerated charge radiates — it must be losing energy — this
should affect its motion by slowing it down — We should be able to
write its equation of motion.

Simple expectation...but it has fundamental difficulties!

We are ignoring the energy that might go back and forth between the
"particle” and the nearfield/velocity field.

Recall the energy lost by radiation

1 24°0° (. B | Bxp g
Ptotal — d 3 1+ y6 1— >
4T[EO 3c 5
2
= d 3 a’ e (for v<c)
Ome,c
. 2
= v+ —L =% =0



How much 1s the loss ?

An electron accelerates for time 7' from rest with acceleration a

m(azT)2 e’a’

KE = & E _, = P ,T = T
2 6TE,C
Evw _ €aT 2 _ 1| & j1 10"
K.E. 6ne,cc ma’T> 67 \e,mc’ |T I

= for T>10 **sec — Loss is a small perturbation

For circular (cyclotron) motion we calculate loss/period (T')
Ew _ 4n| & |1 1077

e N

KE. 3 \e,me® |T T

The timescale is similar to what light needs to cross a typical
nucleus! Nucleus has size ~ 10-1° m, divide by ¢ ~ 108 m/s.



How much 1s the loss ?

Integrate f v.vdt by parts from t, to t,

tz/_> 2% \ B ) .'tz
WE, —LT~|va + |—L—=3.5| =0
|\ 6me,c / |67E,C |1

For an arbitrary path there is no correlation between velocity and
acceleration. But only if the motion is periodic and we integrate over
one period, then the second term can be exactly zero.

We CLAIM that the integrand in the first term is zero on average....
This is the non-relativistic Abraham-Lorenz formula.

However, since it is a dot product nothing can be said for components
of F perpendicular to v.



How much 1s the loss ?

What is the microscopic origin of this reaction/retardation (shown by
Lorenz) lies in the retarded fields created by one part of the object on
the other parts.

For any finite object moving with a rigid acceleration these "internal”
forces DO NOT cancel.

The exact coefficient of the the da/dt term depends on the geometry.

Also an additional mass term comes from the fact that the internal
electric fields carry energy. The object that accelerates is thus (rest
mass + some energy contained in the fields). The generic form of the
equation of motion is as follows.

(

2
N q
fext<t> : . T ~ 3
a = n FTta o brte,mc
m.+m
0 field —24
| ~ 10 “"sec for an electron



How much 1s the loss ?

The generic solution of the equation has an unexpected feature.

To write down the formal solution for an arbitrary f(t) we can use the
Green's function method.

It is also possible to write down the integrating factor directly....

. L Fext(t) . . s
a—ta = = f(t) --- where m=m,+some bit
m
G-—1G = 0§(t—t')
( tlt ,\
Glr—t) = |4e IS Gl 4e) =Gt —e)=—1
A" >t




Solving the acceleration equation

—t'It

A~ A,=%=— =either 4,=0 OR A,=0

€ /
Azzo — G(t_t,> | -~ @ e 1<t




Non - causal 1mplication of the solution

The solution that blows up as ¢ — oo1s not acceptable.
(
(t—t")/x
e

4,=0 = G(t=t') = "= 77 Li>1

\

— 00

=a(t) depends on f(¢)at future times !

upto a time of order T~10"**sec
This peculiar discrepancy 1s NOT a calculation error
But has no obvious observational consequence




